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JIEKIIA 1
1.1 Martpuwuii.
1.2 Bu3HauHMKHU N—TO MOPSAKY, 1X BIACTUBOCTL. MeTo 11 0OUHCICHHS
BU3HAYHUKIB.
1.3 IlpaBuio Kpamepa miist po3B’ s;i3aHHS CUCTEMU JTIHIHHUX PIBHSIHD
1.4 3Haxo HKeHHS pO3B’ 3KIB CUCTEM JIHIMHUX PIBHSIHB 32 JIOTIOMOTOO
00epHEeHO1 MaTpHuIll

1.1 MaTpuii.
O3navennsi. MaTpuunei po3Mipy mxn Ha3UBalOTh MPSIMOKYTHY TaOJIUITIO 3

Mxn EJIEMEHTIB, IKa CKJIAIa€ThCs 3 M PAAKIB Ta 7 CTOBMILIB. MaTpulls 3aUCYy€EThCS
y BUTJISIAL

a; & Ay
Ay Ay oy,
an1 an2 o anm

a00 CKOpOYEHO
A=(a;), (i=1m, j=1n) (A=(a)pn.),
Jie ajj — €NeMEHTH | —T0 psaKkai j— ro CTOBMLS.
Knacudgikanis maTpuub
[IpssMOKYTHa MaTpULA — 1€ MaTpULE, U1 skoi M= N,

2 0

Hanpuknan, A=|3 -2 | — npsAMOKyTHa MaTpHILsi po3Mipy 3 x 2.
15

KBagpatna maTpuus — 11e MaTpuug, A1 SIKOi m = A.

57
29
MAaTPHUIICIO 2 — IO TIOPSIKY.

JliaronaJjibHa MAaTpPUIS — 1€ KBaJpaTHA MaTPUILA, B IKOI TUIbKH €JI€MEHTH TOJIOBHOI
JiaroHasIl BIIMIHH1 BT HYJIS:

Hanpukian, A:( ] — KBaJpaTHa MaTpUIs po3MIpy 2x2, SKy Ha3HBaIOTh

a, O 0
A 0 a, 0
0 O a,,
Onuauyna matpuusi FE —  1e jgiaroHaigbHa MaTpulls, BC1 €IEMEHTH SIKOI
JIOPIBHIOIOTH OJTUHUIII:
0
1 -0
E= . P
00 -1



HyaboBa matpuus O — 11€ MaTpulis, BC1 €JIEMEHTH SIKO1 IOPIBHIOIOTh HYJIIO:

00 .- 0
00 .- 0

o=|. . . |
00 .- 0

MaTtpuus — croBnenb 200 MAaTpuls — PAJOK — I1I€ MaTpHIll, SKi MICTATH OJUH
CTOBIEIL a00 OJIMH PSAJIOK 1 MAIOTh PO3MIp mx 1 a00 1x7 BIIMOBITHO. IX BUTIIIT

TpancnoHoBaHa mMaTpuus A’ — Ie MaTpuIs, sKa ofepkaHa 3 JaHoi Matpuii A
3aMIHOIO PSAKIB CTOBIIISIMH.
2 41 20
k1o A:[O 5 5}’TOH1 A" =|4 -3]|.
15
JIBi matpuiti 4 1 B piBHi Mk c00010 (4 = B), K0 BOHU MalOTh OJTHAKOBHH PO3MIp
11X BIIMOBITHI €JIEMEHTH PIBH1 MDK COOO¥O.
Onepauii HaQ MATPULIAMU
JlonaBaHHA MaTPUIlb
Cymoro aBox maTpunb A=(a;),., 1 B=(b;),, OJHAKOBHX PO3MIPIB € MATPHII

1] /mxn mxn

C=A + B, C=(C;) s, CTCMEHTH KO OOUHMCIFOIOTHCS 38 IPABHUIIOM

Cij:aij+b|j (i:l’_m, J:ﬁ) (11)

5—23+ 2-35) (7-58
107 7 41 (8 4 8]

AHaIOTTYHO BU3HAYAEThCs PizHMIs C IBOX MATPULL A= (a;)

Ipukaan.

mxn 1 B = (bij)mxn

C=A-B, ¢;=a,-b, (i=1m, j=1n). (1.2)
MHOKXeHHs1 MATPHLIi HA YHUCJIO
Ho0yrkom mMaTpuui A=(a;),, Ha YMCJIO K € Marpuld B=k-A, B=(b)

mxn 1

KOKHHH €JIEMEHT KO O0UHCIIIOETECS 3a IpaBuiIoM by =ka; (i=1Lm, j=1n).

IMpuxaan.
75 -4 2115 -12
A= , k=3, k-A= .
10 -8 3 0 -24

Matpuiio — 4= (— 1)'A Ha3UBaOTh MPOTHIEIKHOKO 10 MATPHUL A.
Omepartii g0/1aBaHHs, BITHIMAHHS MaTpPHIlh 1 MHOXKCHHS MaTpHIIl Ha YHUCIIO
MalOTh TaKl BJIACTUBOCTI:
1. A+B=B+A4; 5, E-A=A;
2. A+ (B+C)=(A+B)+C; 6. a(A+B)=aA+ aB;



3. A+ 0 =4, 7. (a+B)A=aA+ pB;
4. A-A=0; 8.a(pA)=(ap)4,
ne A, B, C —wmarpui, o 1 f — 4uCIa.
J1o0yToK MATPpHULIb
JloO0yTKOM MaTpulb A= (a3 1 B=(b;), € Matpuusa C = 4B, C=(c;)
eJIEMEHTH SIKOT OOYHCIIOIOTHCS 32 MPABHIIOM

Zalkbkj a'llb.l +a|2bZJ +.. +am nj (I l,_m, j:ﬁ), (13)

TOOTO €JIEMEHT | — Io psjiKa | — ro CTOBIIIM ManHul J:[06yTKy C I[OplBHIOG cymi
TO0YTKIB €JIEMEHTIB | — TO psijika MaTpHIl A Ha BIANOBITHI €ICMEHTH | — T'O CTOBIIIS
Marpuiil B.

u)mxn

o 3 1). 102
Ipukaan. 3uaiitu J0OYTOK MaTpHUILIb A=( ) 5} 1 B=( )4 3}.

( 31+1(2) 3044 32 %3 J_( 1 4 9]
Po3p’si3anHsA. A-B= = :
(2)1+5(2) (20 54 (22 53 ~12 20 11
3ayBaxkeHHs1. JIoOyTOK ABOX MaTpHIlb ICHYE TOM1 1 TUIBKHA TOJII, KOJIM YHCIIO
CTOBMIIIB TMEPIIOi MAaTPHII JOPIBHIOE YUCITY PSIKIB PYroi MaTPHIILI.
Omnepaiiisi MHOYKEHHSI MATPUIb Ma€ TaKl BIACTUBOCTL
1. A-(B -C)=(A-B) -C, 3.(A+B)-C=A4-B+A4-C,
2. A-(B+C)=A4-B+A4-C; 4. a(AB) =(aAd)B
OobepHena maTpuus
O3navenns. KgaaparHa wMarpuit A  HAa3UBAETHCA  HEBUPOMKEHOKO
(Heoco61MBO0), SKIIO 11 BU3HAYHUK BinMiHHKUN Bin Hyss: det A = 0. Skmro det A =0,
TO MaTpullsl 4 HA3UBAETHCA BUPOIXKEHOIO.
O3HaveHHsl. MaTpulii A~ Ha3UBA€ETHCS 00EPHEHOI0 10 KBAAPATHOI MATPHLIi
A, akmo AxA'=A'xA=E, ne £ — OJWHMYIHA MATPHUILI TOTO X CaMOr0 MOPSJIKY,
1o 1 Marpuus 4.
3ayBaskennss. OOepHEeHa MaTpuld ICHYE TUIBKH Ui HEBUPOKEHHX
KBaJIpaTHUX MaTPHIIb.
@opmysia 00U cIeHHA 00€ PHEHOI MATPH LI

A A o Ay
ato_ L | Ao Beo Ae) (1.4)
detA| : D
An A o Ay
ne A;- anreOpaiuHi IOTIOBHEHHS €JIEMEHTIB &; MaTpuill A.

4 -2 0

Hpuknan. 3HaiTd A om0 A=|1 1 2|
3 2 0

Po3p’sizannst. O0UnCIMMO BU3HAYHUK MaTPHIIL
detA=4-1.0+3-2-(-2)+1-(-2)-0—-(3-1-0+1-(-2)-0+4-2-(-2)) =-12+16=4+0,
TOMYy OO€pHEHA MaTpHULs ICHYE.



3HaineMo anreOpaiyHi JOMOBHEHHS A; [UIS KOXKHOIO €IEMEHTa MaTpuLll A4:

1 2 -2 0 -2 0
— _11+1 =4’ — _1 2+1 :O, — _13+1 =_4’
Al(>_20‘ AM()_ZO‘ A=
1 2 4 0 4 0
— _11+2 :6, — _1 2+2 =0’ — _13+2 =_8’
A2(>30‘ An()go‘ Aﬂ()lz‘
1 1 4 -2 4 -2
=_11+3 =_5, =_12+3 =2’ =_13+3 :6
L A23<)3_2‘ A33(>11‘
3a GpopMyIoro 0OUHCIICHHSI 00EPHEHOI MATPHII MAEMO:
4 0 4
L1
A =—1 6 0 -8\
4
-5 2 6

1.2 BuzHaYHUKH N-TO MOPSAAKY, IX BJaACTUBOCTI. MeTOoaH 004ucIe HHA
BHU3HAYHUKIB.

KBanparniii MaTpuili A mopsiaAKy 7 MOKHa 3icTaBuTH umciio det A (abo A, abo | 4 |),
SIKE€ HA3UBAIOTh 11 BU3HAYHUKOM.

O3HavyeHHs. Bu3dHAYHMKOM (JeTepMIHAHTOM) JAPYIroro MOPSAKY, SKHUil
CKJIQZIAEThCSI 3 YOTHPbOX CIIEMEHTIB di11, d1p, dp1, dpy, HA3UBAETHCS UYHUCIO, SKE

MO3HAYAETHCS Yepes A= Z“ Zﬂ 1 0GYHCITFOETHCS 32 TIPABUIIOM
21 22
8; 8
A= = ;8 — a5, . (15)

aZl 22

Enementu aiq, a;; CKIaIal0OTh TOJIOBHY AIATOHAJb BU3HAYHUKA, & €IEMEHTH
as1, Ay — MOOIYHY AIarOHAJIb.

O3HauyeHHs. BU3HAYHUKOM TPETHOIO MOPSAKY, IKAN CKIAIA€THCA 3 IEB ATH

8; &, dy
CIICMCHTIB, Ha3UBAETHCS YUCJTIO, SIKE TO3HAYAETHCSA (8, 8, &a,| Ta OOUHMCIIIOETHCS 3a
8y 8y g
IIpaBHUJIOM
&; 8, dp
Ay 8y Ayg| = 84185853 + 838,85, + 885385 — 838,83 —&);8538;, —8,,8,,85;. (16)
Ay dp Ay

Jlnst  oOYuCIeHHS BW3HAUYHMKA TPETHOIO TOPSIKY 3PYYHO BUKOPHCTATH
npaBuiIo TPUKYTHUKIB (a00 Capproca), sike LIocTpyeThest cxemoto (puc.1.1):



2 1 -2
IMpuxiaan. OOuuycimTH BM3HAYHUK |1 3 4

-2 5 1
Po3B’s13annsl.
2 1 2
1 3 4[=2-31+(-2)-1-5+(-2)-1-4—(-2)-3-(-2)-2-5-4-1-1-1=— 65 .
-2 5 1

. 2
O3HaveHHsl. BUBHAYHHKOM 1 — TO MOPSIAKY, KU CKIIAQTA€ThCS 3 1° eIIeMEH-
TIB HA3WBAIOTh YUCJIO A, , K€ 3alMCAaHO0 y BUIJISA 1 KBaPATHOT TaO I YHUCEIT

&; Ay . Gy,
a a e a
21 22 2n :An’
anl an2 ann
J¢ 4ucjia g — C€JICMEHTH BH3HAYHMKA, | — HOMEp psIKa, | — HOMEpP CTOBIIIS

(izl,_n, jzl,_n).
IIpaBuno oOuMCIEHHS BU3HAYHMKA Oa3yeThCs HA HOHATTAX MiHOpPY Mj Ta

anreOpaiyHOro JONOBHEHHS Ajj €lIeMEHTa ajj.
Osznauennsi. Minopom M;j; eslemeHTa &j; Ha3UBaKOTh BU3HAUYHUK ( n — 1) —ro

nopsaky A, AKAN yTBOPIOETECS 3 BUSHAYHMKA 71 — IO MOPSAAKY A, BUKPECIIOBAH-
HSM |—TO0 psifiKa Ta | — IO CTOBIII.

Osnavyenns. Aare0paiyHMM [IONOBHEHHSAIM A;; eJeMeHTa a;; Ha3HMBalOTh
BHpa3

Aj = (_1)i+j : Mij : (17)

IIpaBwiio 00uMc/IeHHS BUSHAYHUKA 7 — I0 MOPSAKY. BU3HaUHUK JOPIBHIOE
cyMi n T0OYTKIB €JIEMEHTIB OyJib — SIKOTO psiika (CTOBIIIIS ) Ha iX anreOpaiuHi JOMOB-
HEHHS:

A, =ki_aikAk =ki_aij<j . (18)

BaactuBocTi BUBHAYHHMKIB
CdopMymoeMO  OCHOBHI ~ BIAaCTHBOCTI BWU3HAUHMKIB, SIKI TpUTaMaHHI
BU3HAUYHUKaM Oyab — SKOTO MOpsAKy. [leski 3 1uX BIACTUBOCTEW PO3IJIIHEMO Ha
NPUKJIaJl BU3HAYHUKIB TPETHOr'O MOPSIIKY.
1) BenmuuuHa BU3HAYHHKA HE 3MIHUTHCS, SKILO:
® BCi WOro PSAAKU 3aMIHUTH CTOBMOIFIMU 3 THUMU CAMHUMHU HOMEpamH, 1
HaBIIaKH, TOOTO

a, Q, a3 a; Ay 8y
Ay 8y Gyl = (&, 8y Ay
a 85 Ay a; &y Ay



® JI0 €IeMEHTIB Oyab — SKOro psiaka (CTOBMI) JOJATH BiANOBIAHI
CIIEMEHTH IMapajelIbHOTO psAKa (CTOBIIIT), TOMHOXKECHI Ha OJHE U Te
came 4HUcCJIo.

2) Bu3HA4YHMK JOPIBHIOE HYJIIO, SKIIO:

® BCl€JIEeMEHTH Oy/ib — SIKOTO psiJiKa (CTOBMILS) BU3HAYHHUKA JOPIBHIOIOTh
HYJIIO;

® BIAMOBIAHI €IEMEHTH ABOX PAAKIB (CTOBIIIIB) piBHI MK CO00F0, TOOTO
BH3HAYHUK Ma€ JIBa OJHAKOBUX PSAKA (CTOBIIIIL);

® BIAMOBIAHI €JIEMEHTH JBOX PSAAKIB  (CTOBIIIB) BHU3HAYHUKA
npornopiiiHi. Hanpukman:

2 1 -2
4 2 —4=2.2.14(-2)-4-5+1-(-4)-(-2)—(=2)-2-(-2) -~ 2-5-(-4) - 4-1.1=0.,
-2 5 1
Y 1ubOMy BU3HAUHHUKY BIAMOBIIHI €JEMEHTH MEPUIOr0 Ta APYroro psjKiB
MPOTIOPLIIHHL

3) BemuuuHa BU3HAYHUKA 3MIHUTH 3HAK Ha NPOTWJIEKHUM, SKIIO B HBOMY
MePECTAaBUTH MICIISIMU JIBa PSIKHU a00 JIBA CTOBIIITL:
all a12 a13 aZl a'22 a23
Ay Ap Ap|= — | Ay Ay
8 8y 8 8 8y 8
4) BenmnuuHa BU3HAYHHUKA MMOMHOXKHUTHCS Ha YHCJIO K, SKIIO BCi €JIEMEHTH
JESIKOTO PsIKa (CTOBMI) MOMHOYKHUTU Ha 1€ YUCIIO. | HaBmaku, SKIIO BC1 €IEMEHTH
OyZb — SKOTO psiaKa (CTOBIMI) MalOTh CIUTbHUN MHOYKHHK, TO HOTO MOYXHA BUHECTH
3a 3HaK BM3HauHUKa. Hanpuknan:
2 1 2 2 1 2
2 -4 6|=2l1 -2 3|=2(-4-10-6+8-30-1)=-86.
-2 5 1 -2 5 1

1.3 IIpaBuio Kpamepa /i1 po3B’A3aHHSI CUCTEMHU JIHIHHUX PiBHSHD

Cutema m JTHIAHUAX PIBHSIHB 3 72 HEBIIOMUMH X1, Xy, ..., X, MA€ BUTJIA;
X tapX, o0+ a3, X, :bl’
A, X +8,X, +---+a, X =h,,

20 (L.9)

A X Fa,X, ++a,, X, =b,,
ne uncia a; (i=1m, j=1n) Ha3uBaIOTh KoOe(illieHTAMH CHCTeMH, YuClIa b, —
BLILHUMH Y€HAMMU.
Sxmo xoua 6 omgne b, =0, To cuctemy (2.1) Ha3UBaIOThL HEOAHOPIAHOIO, Y
IPOTUBHOMY BUNAAKy ( AKIIO BCi ButbHi unenn b=0, i=1,m) — ogHopixHoK0.
Cuctemy (1.9) moxna 3anucatu y MaTpudHoMy BUIIsai 4 X = B,



all a12 cee cee ain

a a ... ... A .. .
ne A=|2 "% ™| - marpuus koedilicHTIB cucTEMH
am]_ am2 cee cee amn
Xl
X, .
X=|"7| —MaTpuus - CTOBIEeLb HEBIIOMHX X] ,
Xn
b, . .
B=|"?|-MaTpuus - CTOBIeb BUILHUX YWIeHiB b; .
b

m

O3navenHsi. Cructema pIBHSIHb HAa3UBA€ThCA CYMICHOIO, SIKILIO BOHA Ma€ X04a
0 OIMH PO3B’S30K, 1 HECYMICHOI0, SKITI0 BOHA HE MA€ JKOJHOTO PO3B’S3KY.

O3navenHsi. CyMICHY CHUCTEMY JIIHIMHUX PIBHSHb HA3WBaIOTh BU3HAYEHOIO,
AKIIO BOHA Ma€ €UHUI PO3B’SI30K, 1 HEBU3HAYEHOI), SIKIII0 BOHA Ma€ OUIbIIE OJHOTO
pO3B’ SI3KY.

Po3B’s3atn cucteMy piBHSHB O3HA4a€ JOCITIIUTHA i1 HA CYMICHICTh. SIKIIO
cUcTeMa CyMICHA, TO 3HANTH il PO3B’SI30K.

®opmyan Kpamepa

Posrasinemo cuctemy nmiHiiHUX piBHAHB (1.9), sikio m = n = 3 (4ucio piBHAHb

1 HEBIIOMUX CITIBIIQIAFOTh ):

QX ta,X, +aX; = bl’
Ay Xy T ApX; + 853X = bz’ (1- 10)
A5 X, 85X, +A35X; = bs-

8; 8y, aj
Bu3HauHMK OCHOBHOI Matpuili cuctemMu A=dy, 8, 8y HA3UBAIOTH
83 83 dg

roJI0BHUM BH3HAYHHUKOM CHCTEMHU.
Cxkiagemo nonomiskni BusHauHnku cuctemu (1.10):

b, a, a; a, b a; a, a, b
A =b, @y, au|, AX, =8, b, @y, AX;=|a, a, b,
b, a, ay; a, by ay a a, b
Tyr Ax, — BU3HAYHHK, SKHHA YTBOPIOETHCS 3aMIHOIO I-TO CTOBMISA Y

rOJIOBHOMY BU3HAYHUKY CTOBIIIIEM BUTLHUX YJICHIB CUCTEMHU.
Skmo rosioBHUM Bu3HaYHUK cucTemu (2.2) A=0, TO cucTeMa Mae €IMHUMA
O3B’ 30K, KA BI3HaUa€eThes 3a hopmynamu Kpamepa:
AX AX, _AX

:_1X:_1X__.
% A AT A

Jlns cuctemMu n THIAHUAX PIBHSIHB 13 7 HEBITOMHUMH HOPMYITH



A . —
X, =—=, 1=1n (1.11)

Ha3uBarTh (popmynamu Kpamepa.

1.5 3HaxoaskeHHs1 PO3B’SI3KIB CHMCTEM JIiHITHUX PiBHSIHDb 32 JJ0MIOMOTOI0
00epHEeHO1 MaTPHIIL

PosrmsHemMo cucteMy n MHIWHUX PIBHAHB 3 7 HEBIIOMHUMH, TOOTO CHCTEMY
(1.9), sixmo n = m. MaTpu4HUI 3aUC CUCTEMU Ma€ BUTJIA:
A-X=B8B. (1.12)
3Haif1IeMo po3B’ 30K JaHOI CUCTEMH PIBHSHB y BUMAAKY, Ko A = 0. [lomHO-
KUMO OOMJIB1 YaCTUHH PIBHAHHS (2.4) 371iBa HA MATPUIIO A™*:
A*4-X=nA'B.
Ockinbkn A4 =E, EX=X, 10
X=A"B (1.13)
3HaXOKEHHS PO3B’ 513Ky CUCTEMM 71 JIHIMHUX PIBHSHb 3 7 HEBIIOMHUMH 32
dopmynamu (1.13) Ha3UBaIOTh MATPUYHHUM CIIOCOOOM PO3B’SI3aHHS CUCTEMHU.
Hpuxaan. Po3p’s3atu cuctemMy THIMHUX PIBHSHD
3%, —3X, + 2%, =2,
4%, —5X, +2X, =1,
S5X —6X, +4X, =3
a) merogoM Kpamepa;
0) MaTpUYHUM CTIOCOOOM.
3po0uTH MEpEBIPKY.
Po3p’si3anns.
a) O0YHCIMMO BU3HAYHUKHU
3 3 2|0 -3 2 |0 -3 2 5
A={4 -5 2/=-1 -5 2/=|0 1 -2 =(—1)3*1(—1)‘_3 ‘=(—1)(6—2)=—4,
5 6 4 |-1 6 4 |-1 6 4 b=
32 o 7 -2
2+1 7
5 2=[1 -5 2|=(1*1
-6 4 |0 9 -2 )
2 2 |5 0 -2

2
Ax =11
3
3
4 1 2/=|4 1 2|=(-D)"1
5
3
4

-2

2‘ _ (-D(-14-(-18) =4,

AX,

-5 -2
= (10-14) =4,
7 -2
3 4 |-7 0 -2
-3 20 |-5 7 0
5 1=|4 -5 1|=(-)>1
5 6 3 -7 9 0
3Binku 3a Gopmynamu Kpamepa
Xle—:_—4:1, XZZ%:j:]" X3:%:_—4:l'
A -4 A -4 A -4
0) Po3B’130K cucTeMr MaTpUIHUM CTIOCOOOM 3HaXOAUTHCS 3a (POPMYJIOIO

AX, =

N (45— (49)) =4
g m D45 (49 =4,

10



X=A"-B.

3 -3 2 2
Cxmagemo matpuri A={4 -5 2|, B=[1]
5 6 4 3
3HaiieMo 00epHEHY MaTPHUIIIO CUCTEMH
1 A Ay Ay
A_lzX A, A, Ayl
As Ay Ay
TSI ITHOTO OOYHCIMMO ainreOpaigHi TOMMOBHEHHS I KOJKHOT'O €JIeMEHTa MaTpHIll A
O I S o ey O R
Y e S S S i m =) 7
po=cye _2‘=1’ o= _2‘:3, o= _2‘__3,
3 MYHKTY a) BIIOMO, II0 A =— 4, OTXKE
-8 0 4)\(2 (-8)-2+0-1+4-3 -4 1
Xx=2|-6 2 2||1]|=2L|(6)-2+21+2:3|=L|al=|1], x=|1
1 3 =3)(3) l12+31+(-3)3) -4) 1
abo x, =1, x, =1, x,=1.
[lepeBipka.
3:1-31+2-1=2, 2=2,
4.1-5-1+21=1, {1=1, .
51-6-1+4-1=3, 3=3.
IuTanHs A5 caMomnepeBipKH
1.  JlaiiTe 03HAYEHHS MAaTPHIIL
2. o Ha3zmBarTh PO3MIPOM MaTPHII?
3. Skl iCHYIOTh BUJIU MaTpUlLlb?
4.,  Ska wmarpuis Ha3UBAEThCS OOCPHEHOIO 1 3a KO (PopMysnor BOHA

3HAXOIUTHCA?

5 JlaliTe 03HaYEHHS paHTra MaTPHIIL

6 Jlati 03HaYueHHs! BU3BHAYHUKIB JPYTOro Ta TPETHOTO MOPSIKY.

7. 1o Ha3uBalOTH anredpaiuHUM JIOTIOBHEHHSM €JIeMEHTa BUSHAYHUKA?
8 SIki mepeTBOpPEHHS HE 3MIHIOIOTh BETMUWHY BH3HAUHUKA?

9.  3a sgKuX yMOB BH3HAUYHHMK MOKE JOPIBHIOBATH HYJIIO?

10. Sky cucteMmy Ha3MBAIOTH JIHIHHOIO?
11. Hanmmirs popmymu Kpamepa.

11



JIEKIIA 2
2.1 Bekropu Ta aii 3 Humu. [Ipoekiis Bekropa Ha Bick. KoopauHatu BekTopa.
Poznoain Binpi3ka y JaHOMY BIIHOILIEHHI
2.2 CkanspHuii, BeKTOPHUIA Ta 3MilllaHKii 100yTKM BEKTOpiB. IX BIacTHBOCTI Ta
3aCTOCYBaHHS

2.1 Bextopu Ta aii 3 Humu. I[Ipoekuisi BekTopa Ha Bick. Koopaunati BekTopa.
Po3noain Binpizka y 1aHomMy BilHOIIEHHI

BenuuuHu, sKi TOBHICTIO BHU3HAYAIOTHCS CBOIM YHCJIOBHM 3HAYCHHSIM,
HA3UBalOTh CKaIApHUMU. [IpuKiagamu ckaasipiB € miola, JOBXKUHA, 2 Maca, TOLIO.
[HII1 BeMMUMHM, HAOPUKIIA[A, CWIA, IIBWIKICTb, NMPUCKOPEHHS, BU3HAYAIOTHCS HE
TIJIPKA CBOIM YHCJIOBUM 3HAUCHHSIM, aJle 1 HampsAMKOM. Taki BEeJIMUYMHN HA3WBAIOThH
BEKTOPHUMHU 1 TEOMETPUYHO TX 300paXKYIOTh 3a JOTIOMOTOIO BEKTOPA.

Hexait 4 1 B — 1B1 pi3H1 TOYKH TUIOITMHU 200 MPOCTOPY.

O3navenHst. Binpi3ok 4B, B sIKOMY TOUKY A BBaKaOTh IOYATKOM, a TOUKY B —
KiHIIeM, HAa3WBAIOTh BEKTOPOM i MO3HAYAI0Th AB 200 a (CKOpOUYEHO: BEKTOp — IIe
HaIPsSMIICHUH BIAPI30K).

Bektop BA (y HBOTO MOYATOK y TOYIN B, a KiHEllb — y TouIli A) HA3UBAIOTh
MPOTHJIEKHUM BEKTOPY AB.

O3HaueHHsi. JIoB:XKHHOIO 200 MO/JyJieM BeKTOpa AB HAa3UBAIOTh JOBKUHY

Binpiska 4B i mo3HAYaIOTH ‘ﬁ‘

O3nauennsi. Bekrop, JoBKMHA SKOTO JOpIBHIOE HYyMIO (200 OJUHUII),
HA3WBaIOTh HYJIHOBHM 200 OTMHHUYHUM).
HynboBuii BEKTOp HEMA€E HAPAMKY.

O3naveHHsi. Bextopr a i b, siki Hanexars o/iHii a60 MapaIenbHIM TIPIMIM,
HA3WBAIOTh KOJiHEAPHUMHU.

KouHeapHi BEKTOpU MOXKYTh OYTH HapsiMJIEHI OJTHAKOBO 200 MPOTHIIEKHO.

O3nauenns. JIBa BEKTODH HA3WBAIOTh PIBHMMH (a = b), SKI0 BOHH
KOJIIHEapHi, 0JTHAKOBO HAMpPsIMJICHI 1 MaIOTh OJTHAKOBY JIOBKHUHY.

I3 o3HavyeHHs PIBHOCTI BEKTOPIB BUILIMBAE, IO BEKTOP MOKHA TIEPEHOCHUTH B
OyaIb - SKy TOYKY MPOCTOPY MapajielbHO camMoMy €001 1 MpH IIbOMY OTPUMAIOTh
BEKTOD, PIBHUH JIaHOMY .

MHOXHHY BCIX BEKTOPIB, SIKI JIOPIBHIOIOTH JIaHOMY, HA3HBAIOTH BiJIbLHUMH
BEKTOPAMH i [I03HAYAIOTh MATHMH JATHHCHKHUMH OyKBaMmu: a, b, C.

O3HaveHHsl. Tpu BEKTOpU y MPOCTOPI HA3UBAIOTH KOMILIAHAPHUMM, SKIIO
BOHHM HaJIeKaTh OJIHIN a00 mapaieIbHUM IUIOIIMHAM.

JliniiiHi omepauii HaJ BeKTOpaMu

Jlo MHIMHUX OIepallii HaJ BEKTOpaMH HaJe)KaTh oIepallii JoJaBaHHA, BiTHI-
MaHHS, & TAaKOK MHOYKEHHS Ha YHCJIO.
/lonaBaHHS BEKTOPIiB

IIix cymoro BextopiB OA = a i OB = b (sKki mpHBeIeHi 4O 3araJbHOrO
nouatky 0 ) po3ymitote Bektop OD = C, SIKHil € JIArOHA/UII0 Mapaielorpama,
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noOyJIOBaHOTO Ha JaHUX BekTopax a 1 b (puc.2.1). Lle mpaBuno momaBaHHs
BEKTOPIB HA3MBAIOTH MPaBUJIOM MapaJiesiorpama.

TN O
\/

b
Puc.2.1

B

CyMy BEKTOpIB MOKHA 3HANTH 3a MPABUJIIOM TPUKYTHUKA (pUC.2.2):

TN TN

Puc.2.2

BinniMmaHHs1 BeKTOpIB

ITix pisHuIel0 BeKTOPiB a i b po3yMiloTh BeKTOp C=a—-b — Takwmii, mo
b+c=a, T06TO BiTHIMAHHSI BEKTOPiB MO’XHA 3aMiHMTH IOZABAHHSIM BEKTOpPA a 3
BEKTOPOM, IPOTHIICKHIM BEKTOpy b: a —b =a + (— b) (puc.2.3).

o
v
o
S
<X}
Il
D
|
o

MHOKeHHSI BEKTOPAa HA YHCJIO

/lo0yTKOM BeKTOpa a HA YMCJIO0 A HA3UBAIOTH BEKTOp A a, KUl Mae
HaIpsIM BEKTOpa a, skmo A > 0, 1 IpOTWISKHUIN HanpsiM, ko A < 0; npudaomy
JOBXHWHA I[bOIO BEKTOpA JIOPIBHIOE |/1|-‘5‘. Axkmwo 4 = 0, TO OTPUMYIOTH HYJIBOBHHI
BekTOp 0, TOOTO 0-a=0.

Hammpuknan, sikio 3ananui BEKTOp a, 1o BEKTOpU -2a i 3a MarTh BHIIIL

a 3a _2a

_— > <

Puc.2.4

OuyeBHIHO, SKIIIO 5:/15, TO Bllé. I naBmaku, sIKII0 Bllé (57&6), TO OPU JIEAKO-

My A BUKOHYyeThCs piBHiCTL b= Aa.
OCHOBHI BJIaCTUBOCTI JIIHIMHUX OTIEPaIliid HAJl BEKTOPaAMHU:
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a+b=b+a (KOMyTaTHBHHMII 3aKOH [0 JABAHHS),
(a+b)+c=a+(b+c) (acomiaTHBHUIA 3aKOH TOTABAHHS),
Mu-a)=2-p-a,
(2,+,u)-5=/1-5.+,u-5,
A-(@a+b)=4-a+1-b.

IIpoekuisi BekTOpa Ha Bich. Koopaunatu BekTOpa

Hexaii y mpocTopi 3amana Bich |, ToOTO HampsmiieHa rmpsma.
O3navennsi. Ilpoexuiero Toukm M Ha Bich | HazuBaroTh OCHOBY M;

nepreHauKysapa MM, , skuii npoBeeHui i3 Touku M Ha Bich |.

o~ w e

Touka M, € TOUKOIO IEepeTUHY OcCi | 3 IoIUHO¥O,

/ AKa MPOXOAUTH Yepe3 TouKy M 1 nepneHauKyssipHa 10
M 1iei oci (puc.2.5).
\ Hexaii AB — noBitbHuii BexkTop (AB=0).
M, > Tlo3nauumo uepe3 A; 1 B npoekuii Ha Bick | modarky
/ A ixinus B Bextopa AB (puc.2.6).

Puc.2.5
e
A
|

Puc.2.6 Puc.2.7

O3snauennsi. [Ipoekiicio BekTopa AB Ha Bich | Ha3MBaIOTL J0JaTHE YKCIIO
, SK110 BekTop AB, Ta Bick | € 0;JHAKOBO HampsIMIIEHI 1 Bi’ €EMHE YUCIIO —‘AlBl‘ ,

|AB,
stKImo Bektop AB, Ta Bick | € mpoTHIeKHO HaMPSMIICHI.

Ipoexuist BekTopa AB Ha Bick | mosmagaeTbes np, AB 1 1OpIBHIOE TOOYTKY
HOr0 JIOBKMHM Ha KOCHUHYC KyTa ¢, SIKMM YTBOPKOE€ LEH BEKTOP 3 JIOAATHUM
HarpsiMmkoM oci | (puc.3.7).

['cOMETPHYHO MPOCKI(I0 BeKTOpa ~ AB  MOXHA BH3HAYHTH JOBXKUHOI

(13

Biipi3Ky AB,, sika Oeperbcs 31 3HaKOM ,,+°, akmo 0<@<7/2, Ta 3i 3HaKOM ,, — *,
akmo 7/2<p<r.

Posrasinemo npsiMOKyTHY cructeMy koopauHat OXyz y mpocTopi.

O3HaueHHsi. Tpiiika BEKTOPIB i, j, k nHasuBaerbes KOOPAUHATHUM 0a3MCOM,
SIKITIO 11 BEKTOPH 3aI0BOJIHHSIOTH YMOBAM:
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1) H ‘ ‘ ‘k‘ 1, TOOTO BEKTOPH € OTMHHIHUM;

2) BEKTOpU i, J . k nexarp BinnosinHo Ha oci OX, Oy, Oz;

—

3) KO>KeH BEKTOp i, j, k HampsMIIEHUH y OIaTHOMY HampsiMi CBO€T OCI.
[To3HauynMo TpOEKIIii JTOBUILHOTO

BEKTOpa a Ha koopaunatHi oci Ox, Oy, Oz
M, BIITIOBIIHO 4Yepes ay, ay, 4 .

* Bynb - sikuii Bekop a (a=O0OM ,
puc.3.8) Moxe OyTH pO3KIaJACHUA 3a

Gasmcom i, |, k, T0OTO mOmaHmil y
™M, BUIJIA 1
y a=a,i+a, j+ak. (2.1)
Yucna a,, ay, 8, Ha3HBalOThL KOOPIMHA-
\ TAMH BeKTOpa a, TOOTO KOOPAUHATH
BEKTOpa — II€ MOTO MPOEKITii Ha BIMMOBITHI
Puc.2.8 KOOPIMHATHI OCL.

BekropHy piBHicte a=4a,i+a, j+a,K HazuBatoTh pO3KIaIOM BEeKTOpa 3a Ha3HCOM
1 3alKMCYIOTh Y CUMBOJIYHOMY BUTJISAL:

a=(a;a,a,).

Jani 6yzLeM0 BBa)KaTH, 1O y Oa3mci ( [ j , R) BEKTOpH 5, bic 3a1aHO
KOOpIMHATaMHU a= (a;a,;a,), b= (b,;b,;b,), Cc= (c,:c,:C,).

k1o B NpSIMOKYTHIM cucteMi koopauHaT Oxyz 3adaHO BEKTOP AB, IIpUIOMY
HOro ImoyaTkoBa 1 KIHIIEBA TOYKH MarOTh KoopauHatu A(X;V:z), B(X,;Y,:Z,)
BITIOBIHO, TO BEKTOP AB Mmae KOOp/IUHATH:
AB:(XZ_Xl;y2_yl;ZZ_Zl):(XAB;yAB;ZAB) s A€ Xpg =X =X Yag = Yo = Yis Zag =2, — 4.

Hoain Binpizka y 3agaHOMYy BITHOIIEHHI

Va [Togimumo Bimpizoxk M M,, ne Touku M,
i M, wmarote koopauHatd Mi(x1; y1),
My(x,,y,), y BimHOmeHHI A>0, TOOTO
BU3HAYMMO KOOPJIMHATH TaKOi TOYKH
M(x;y) (puc.2.9) Binpizka MM, 110
1 MM _

> MM,

Puc.2.9
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Ane MM =(x=x;y-¥), To610  MM=(x-%)i+(y-y)j] Ta
MM, = (%~ XY, ~Y), T06T0 MM, =(X,~X)i+(¥,~y)J. Omre, (X—X)i+(y-y)] =

A(X, — X)i + Ay, — y)j . Ockinmbkn pIBH1 BEKTOPH MArOTh PIBHI BIATIOBITHI KOOPAUHATH,
TO

{x—xlz/ixz—/lx,
y_ylzﬂ“yz_ﬂ’yl
TOOTO
X:x1+/1x2,
1+4 59
_ Vit 4y, (2:2)
1+1

i ¢opmymn HasuBaoTh d¢opMyJamMu NOALNTy BiApi3ka y 3agaHoOMYy
BitHomeHnni. 3okpema, mpu A =1 BU3HAYAETHCS cepenuHa Bimpika MM, 3a
dbopmynamu
_XtX% Nty

5 y > (2.3)

3ayBakeHHs. Skmo A=0, To Toukm M; 1 M cmiBmagarwTh, Koo A<0

(A#-1), To Touka M neKUTH 30BHI Binpidka M;M, i TOBOpSATH, MO TOukKa M
noauisie Biapizok MM, 30BHILIHIM YHHOM.

X

3.2 CkansipHuii, BeKTOPHUI Ta 3MIllIAHUI 100YTKH BEKTOPIB.
Ix Ba1acTuBOCTI Ta 3aCcTOCYBaHHS

O3navenHsi. CkajasipHuM J00YTKOM JBOX HEHYJbOBHUX BEeKTOpPiB a 1 b
HA3MBaIOTh YHUCIIO, SIKE JOPIBHIOE JOOYTKY JOBXKMH BEKTOPIB Ha KOCHUHYC KyTa MDK
HUMU.

[To3HavaroTh CKAISAPHUI JOOYTOK Yepe3 a-b a6o (5, 5) 13a O3HAaYCHHAM
é-Bz‘éHB‘cosw, (2.4)
ne
0= (5 ) 5) .
®opmyny (3.4) MOXKHA TIEpENUCaTH Y BUTIIS 1
a-b= ‘a‘ np.b= ‘b‘ np.a.
CxansipHuii 10OYTOK Ma€ Taki BIACTUBOCTI :
e a-b=Db-a (mepectaBHuii 3aK0H),

(1a)-b=A(a-b) (cmomyanmuii 3aKoH),

a-(b+c)=a-b+a-c (mucTpuOyTHBHMIi 3aKOH),
- - =2 -2

e ad-a=a :‘a‘
30kpema, JJ1s1 CKaJIIPHOTO T0OYTKY OPTIB MA€EMO:
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iii=j-j=k-k=1, i-j=j-k=i-k=0.
Jlesiki 3aCTOCYBAHHS CKAJISAPHOTO 100YTKY
KyT mMizk BekTOpamMu

KyT MK 1BOMa HEHYJIbOBUMU BEKTOpaMU a 1 b BU3HaAuUa€eThes 3a POPMYIIOH0

—

COS @ = ?Ei .
‘a-b

(2.5)

3BiICH BHILIMBAE YMOBA IePHeHINKYISPHOCTI BeKTOPIiB @ Ta b
alboab=0. (2.6)
IIpoekuisi BeKTOpa y 3a1aHOMYy HANPAMI
Tpoexiyisi BeKTOpa a y HampsiMi BekTopa b BH3HAuaeThCs 3a GOPMYIIOI0

E—— .

a-b

—

2 (2.7)

a

npb ‘ ‘ anS =

PoboTa cTanoi cuiam (MexaHYHUN 3MICT CKISAPHOTO TOOYTKY)
Hexaii MaTepiaibHa TOYKa TIEPEMIITYETHCS
MPSIMOJTIHIMHO 13 TIOJIOKEHHS A B TIOJIOXKEHHS B i

niero cui F , sika yTBOPIOE KYT ¢ 13 TIEPEMIIICHHSIM

B f S=AB (puc.2.10).
A ~ B~ Binomo, 1o po6oTa cum F U TIEpPEMIIIEHH] S
Pue.2.10 AOPIBHIOE: -
A=F-S-cosp=F-S. (2.8)

Otxe, p060Ta CTIOl CWIM TP MPSMOJIHITHOMY TMEpeMIlIeHH] 11 TOUKH
MPUKIIAJaHHS I[OplBHIOG CKAJLIPHOMY J10OYTKY BEKTOpa CWJIM Ha BEKTOp

nepemMimeHas A= F.S.
BexTopHuii 100yTOK

O3navennsi. BekTopuum 100yTKOM 1BOX BEeKTOPIiB a 1 b Ha3UBaIOTh BEKTOP
C, SIKUM 3a70BOJIbHSIE yMOBAM:
1) moBkuMHA BEKTOpa C YHCEIHLHO MOPIBHIOE ILIOLI Mapaneaorpama S,

noOy/I0BaHOTO Ha BeKTopax & i b (reoMeTpHYHMI 3MiCT BEKTOPHOIO
A00YyTKY), TOOTO

¢/ =[al-[b]sin . gp:(af 6); 2.9)

2) BekTop C HepHeHI[I/IKYJBIpHI/II/I SIK JI0 BEKTOPA &, TaK i 10 Bektopa b ;

3) BekTOpH @, b i C yTBOPIOKOTH mpaBy TpiiiKy, TOGTO SKIIO AHBUTHCS 3

—

KIHIII BeKTOpa C, TO HAWKOPOTIIMH IOBOPOT Bim a 10 b Oym;e
BiIOYBaTHCSI MPOTHU TOAMHHUKOBOI CTpUTKH (puc.2.11).
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[To3nayatots BekTOpHUN 1q00yTOK axb
R abo [5, 5} .

BektopHmii 100yTOK BEKTOPIB Ma€ TaKi
BJIACTUBOCTI:

Tl

S e axb=-bxa (anTumepecTaBHHii 32KOH);
P e J(axb)=(1a)xb=ax(ib) (acomiaTHBHUil
O a 3aKOH BITHOCHO MHO>KEHHSI Ha YHCJIO);

e (a+b)xC=axC+bxc  (TUCTpUOYTHBHMIA

Puc.2.11 .
3aKOH BITHOCHO JIO/IaBaHHS ).

JlesiKi 3aCTOCYBAHHS BEKTOPHOT 0 100YTKY
Ilnoma mapasnesorpama i TPMKYTHHKA

—

C

—

b

—

3 O3HAYEHHs] BEKTOPHOTO I0GYTKY BEKTOPIB a i b Maemo
(puc.3.11), To610

sin(a?a),

S, =[axb|. (2.10)
MoOMEHT CHJIH BiTHOCHO TOYKH
Sxmo cwia F npuknaaeHa g0 Touku A

M B (pmuc.2.12), To MOMEHT ciii F BITHOCHO TOYKH
F=AB O € Bektop M, SIKHil [ODIBHIOE BEKTOPHOMY
. TO00YTKYy pajaiyc - BEKTOpa TOYKW MPUKIAJaHHS
0 ' VAL r=0A Ha BEKTOp CHIHA F :
A M =rxF . (2.11)
Puc.2.12

KoJsineapHicTh BeKTOpIiB
JIBa HEHYJIbOBUX BEKTOPU aib KOJIiHeapHi TOJi 1 TUIbKH TOMI, KOJIU iX
BEKTOPHMI TOOYTOK JOPIBHIOE HYJIOBOMY BEKTOPY:
a|lb<axb=0, (2.12)
Mimanuii 100yTOK TPHOX BEKTOPIB

O3navenns. Mimanum 100yTKOM TPhOX BEeKTOpiB &, Db 1 C Ha3uBawTH
YHUCJIO, SIKe JOPIBHIOE BEKTOPHOMY J0OYTKYy axb, moMHOXKEHOMYy CKalipHE Ha
BEKTOp C, TOOTO (axb)~c.

[To3nagaroTs Minmanuii 106yTok a-b-c abo (a,b,c),
TOOTO

a-b-c = (axb)-c. (2.13)
Mimanuii 100yTOK TpOX BEKTOPIB MAE TaK1 BIACTUBOCTI:
e Mimanuii A00yTOK HE 3MIHIOETHCS, SKIIO TMOMIHSITH MICUSIMH 3HAKU

BEKTOPHOTO i CKaIIPHOTO 100yTKy: (axb)-c=a-(bxc);
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o Mimanuii 100yTOK 3MIHIOE 3HAK BT TMEPECTABJICHHS JBOX OY/b-IKUX
CIIBMHOKHHKIB:

(axb)-c=—(axc)-b=—(cxbh)-a;

e AOCOJIOTHAa BEIMYMHA MIIIAHOTO JA00YTKY TPhOX BEKTOPIB AOPIBHIOE 00 €My
napaseneninezaa, mooyJ0BaHOro Ha UX BEKTOPax (reoMeTPUYHMI 3MiCT MIilIAHOTO
N00YyTKY).

JlesIKi 3aCTOCYBAHHS MILIAHOT 0 JO0YTKY
00’em nmapaJesieninena i TPUMKYTHOI mipamiaun
OG0’ emu napaneneninena V,, i TpukyTHoi mipaminu V,, 3 peOpamu a, bic
BH3HAYAIOTHECS (POPMYIIaAMH:
Vo =

nap

Vnip =

a-b-c |, (2.14)

| a-b-c |. (2.15)

ol —

YMoBa KOMILIAHAPHOCTI BEKTOPIB

—

Bekropu a, b i ¢ komMmiaHapHi TO/1 1 TUIbKY TOML, KOJH 1X MilIaHUM 100y-
TOK JiopiBHIOE Hymto (a#0, b=0 , c=0):

a, b,c — KOMIUTaHApHI <> a-b-c =0. (2.16)
B3aemHa opieHTallisi BeKTOPIB y MPOCTOPI

BusnauenHs B3aeMHOI opieHTaIlii BEKTOpiB a, b 1 ¢ 0a3yeTbCsd Ha TaKUX
IpaBUJIax:

—

skmo a-b-c >0, 10 a, b 1 ¢ — mpasa Tpiiika;

gkmo a-b-c <0,7oa, b1 — JIiBa TpiiKa.
IIpaBuia aiii Haa BeKTOpPaMu, 3aIaHUMH KOOPAUHATAMH

Ol Ol

bynemo BBaxkatu, 1o y 6azuci (T, ], R) BEKTOPH 5, bic 3a71aHO KOOpJIH-
natamn a=(a,;a,;a,), b=(b,;b,;b,), c=(c,;c,ic,).
1 JloB:KMHA BEKTOPA a 00UHCIIOETHCS 32 (GOPMYIIOH0
o] =\fa? +aZ +a’ . (2.17)

2 OpT BeKTOpa 8 BU3HAYAETHCS PIBHICTIO
o _4a [a a3 a
a°=r=(%;%;%} (2.18)
& \lal'[al a]
3 Koopnunatu cymu (pi3HHIli) BeKTOPIiB JOPIBHIOIOTh CyMi (pI3HUIL)
BIIMIOBITHUX KOOPJIMHAT JOJAHKIB:
atb=(a,tbh;a, tb;a, £b,). (2.19)
Lle mpaBuUJIO BUILIMBAE 3 BJIACTUBOCTEHN MPOEKIIl BEKTOPA Ha BICh.
4 KoopauHaTH J100YTKY BEeKTOpPa Ha YHCJO JIOPIBHIOIOTH JOOYTKY BIIIO-
BIIHMX KOOPJIMHAT JaHOTO BEKTOpa Ha 1€ YMCJIO

da=(la,; Aa,;2a,). (2.20)

5 Cransipauii 100yTOK 1BOX BEKTOPIB JOPIBHIOE CyMI TOOYTKIB BIIIOBIIHUX
KOOp/IMHAT IIUX BEKTOPIB:
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a-b=a,-b,+a, b +a,-b,. (2.21)
)IOBezIeHHﬂ 5-5=(axf+a ]+aR)-(bT+by]+bZI2)=

—abi +ab,i-j+abi- k+abj |+ab| +ayb, j-E+abE-T+a2byl2-]+azb2122=

: =2 ST T T T
:| J :k =l1 I‘J=|’k=J'k=O|:
=a b +a,-b +a,-b,.
6 BekTOpHMM JI00YTKOM JIBOX BEKTOPIiB € BEKTOD, KU MOYKHA 3alUCaTH y
BHrﬂﬂI[i BH3HAYHUKA TPCTHOTO MOPAIKY:

—

ik
axb=|a, a, a|. (2.22)
b. b b

X y z
JloBeneHHs 1i€i GopMyJiM aHAJIOTTYHO JOBEIECHHIO (POPMYIIH CKATISIPHOTO 100YTKY.

/ Mimmanum 100yTKOM BeKTOPIiB &, b 1 C € yucJo, sike JOPIBHIOE 3HAYEHHIO
BU3HAYHHUKA TPETHOT'O MOPSIIKY:

a a, a,
a-b-c=|b, b, b, (2.23)
c, C C

y z
8 KocuHyc KyTa Misk 1BOMa BEKTOPaMH OOYHCITIOETHCS 3 BEKTOPHOI PIBHOCTI

a- b
alp

CoSp = cos(a b) =

a00 y KOOpJIMHATHOMY BUTJISI/IL:
ab, +ab, +ab,

CoSp = : 2.24
\/af+a§+af\/bf+b§+bf (2.2
9 YmoBa KosiHeapHOCTi ABOX BEKTOPIB pIBHOCHIbHA PIBHOCTI:
axb=0 abo === 106
axb= aobX b, b,TOTo
- = a 4, a
allbe 2X=2=2
[ b b b (2.25)

X y z
10 YMoBa nepneHIHKYJISPHOCTI IBOX BEKTOpiB @, D piBHOCUIbHA piB-
HOCTI:
a-b=0,

TOOTO y KOOPIUHATHOMY BUTJISII:
albeab +ab +ab =0, (2.26)

Ipukaan. /[aHo BekTopu 5=(-1;2;5), b =(3;1;-2), 6=(4;1;7).
Heo0OxigHO:

1 3HaifTu opTH BEKTOpIB @, b, C;

) )
2 MepeBIpUTH, YU € BEKTOPH @, b, C omapHO MEPIeHIUKYIISIPHIMU;
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3 mepeBIpUTH BEKTOPH a 1 b Ha KOJIHEApHICTH;

4 mepeBIpUTH, YU € BEKTOPH @, b, C KOMILIAaHAPHUMU;

5 3HalTH TUIOLTY NapajenorpamMa, nodyJ0BaHOTO Ha BEKTopax a 1 b;
6 oOuucauTH 00’ €M Mapajenenineaa, nooyI0BaHOTO Ha BEKTOpax a, b, c.

Po3p’s3anns. 1 Cxopuctaemocs popMynamu:

c0_8 _[3.8 . a JeEratia
S h i) SR

JlicHO,
al=V1+4+25=+30; g0 (= 2 .5,
| | a (\/_ \/_ \/_)
bl=v9+1+4=14; p° = -2
ol (rwf
€| =/16+1+49 =66 ; ¢® = (. L. T

T
2 CKopHUCTaEMOCS YMOBOIO MEPIEHANKYIISIPHOCTI:
albeab +ab +ab, =0,
alceagc, +a,c,+a,c, =0,
b Lcebg, +bc, +bc, =0.
O06unciIMMO cKasipH1 JOOYTKH BEKTOPIB
b ( 1)-3+2-1+5-(-2)= -11+ 0, To6TO BEKTOPU a i b He mepneHIUKYIIPHI;
=(-1)-4+2-1+5.7= 33 0, T06TO BeKTOPH @ i C HE MEPIICHINKY/SIPH;

b =3-4+1.1+(-2)-7= -1 0, ToGTO BeKTOpPH b i C He MepIEHINKYIAPH.
3 CKOpHCTAaEMOCS YMOBOIO KOJIIHEAPHOCTI:

~ ~ a
ajl b X=—"==
bX

-1 2 5 . . .
371% 3 , TOOTO BeKTOpH @ 1 D He KoJHeapHi;

4 CKOpUCTAEMOCH YMOBOIO KOMIIJIAHAPHOCTI TPHOX BEKTOPIB

a, a, a,

a-b-c=|b, b, b|=0
¢ C ¢
-1 2 5
(3,b,6)=|3 1 —2/=-7-16+15—(20+42+2) =—

4 1 7

—

a-b-C#0, ToOTO BEKTOpH @, b, C HE KOMIUTaHAPHI.
5 [nomty mapanenorpama 3Hai1eMo 3a (HOpMyJIIoro:
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-

i

K

Snapz‘éxﬁ‘: a, a a|l,
b, b, b,
-2 5] ~.|-1 5| ~|-1 2 - -
=1- - +k- = -9 +13) -7k .
1 -2 3 2 3 1

Orxe, S, =\ax5\ = J(-9)? +13? + (-7)? =+/299 ( kB.OZL.).

6 O0’eM napasnenemninesa 3Hai1eMo 3a 10IOMOroo GopmyIu:

a, a, a

V=[a-b-c|=|o, b, b,

¢, C ¢
-1 2 5

Omke, V=[|3 1 -2||=|26=26
4 1 -7

(xy0.0m.).

InTanHs Ayt camoniepeBipKH
JlaiiTe 03HaYEHHS BEKTOpa 1 HOTO JOBKHUHHU.

1
2 Sk BU3HA4aAIOTHCS OTeparlii J0/1aBaHHsI, BITHIMAHHS, MHOYKCHHSI Ha YHUCJIO?
3

[Ilo Ha3UBaETHCS CKAIAPHUM, BEKTOPHUM, MILIAHUM JI0OYTKOM BEKTOPIB?
4 Sk BUKOHYIOTBCS Onepalii HaJl BEKTOpamHy, sIK1 3a/1aHl KOOpAUHATaMH?

5 Cdopmymroiite
KOMILJIAHAPHOCTI BEKTOPIB.

YMOBH

napayebHOCTI,

MEePTIeHIUKYIIPHOCTI

i

6 CdopmymoiiTe TPUKIAAN 3aCTOCYBAHHS CKAISIPHOTO, BEKTOPHOTO, MIIIAHOTO

TOOYTKIB.

JIEKINS 3

3.1 PiBHstHHs miHii. [lonsipHa Ta AekapToBa CUCTEMU KOOPAUHAT
3.2 Pi3Hi BuaM pIBHSHHS NPSMOI

3.3 Kyt Mbk 1BOMa MPpSIMAMH, YMOBH TapaleIbHOCTI Ta IEPICHIUKYIIPHOCTI

IBOX MPSMHUX, TOUYKA IIEPETUHY

3.4 KpuBi apyroro mopsjaky: Kojo, efinc, rinepbona, mnapabona. Ixui

BJIACTUBOCTI

3.5 3aranbHe pIBHSHHS KPUBOi APYrOr0 MOPSIKY

3.1 PiBusinus aiuii. [lonsipHa Ta 1ekaprosa cucTeMH KOOPAHHAT

JIiHIFO Ha TJIOIMMHI YacTO 3a7al0Th K MHOKHHY TOYOK, SIKI MalOTh OyIh — SKY
3arajbHy, TUIbKH IM IpPUTaMaHHY T'€OMETPUYHY BJIACTHUBICTh. TaKy MHOXXHUHY IIE
HA3UBaIOTh reoMeTPpUYHUM MicieM To4ok (I'MT). To6To MmHi0 Ha TIOMKMHI MOKHA

posrisanary sk ' MT.
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Hanpwuknan, koiaom HazuBaroTh I MT, piBHOBIIZAICHUX B OJTHIET TaHOT TOYKH
(meHTpa KoJa); cepeauHHui nepneHaukysp — e ['MT, piBHOBigganeHuX Bi KIHI[IB
IILOTO BiIpI3Ka 1 T.1.

BBenenHs Ha MJIONMIMHI CHCTEMH KOOPJHMHAT JTO3BOJISIE BU3HAYATH TOJIOKCHHS
TOYKH TUIOIIMHY, SKIIO 3a7aTH JBa YKCJa — 1l KOOpAWHATH, a MOJIOKCHHS JIiHIi Ha
IJIOIIMHI BU3HAYAIOTH 3 JIOTIOMOTOIO ii PIBHSHHS.

[Tig crucTeMor0 KOOpAMHAT HA IJIOIIMHI Tpeda PO3YMITH CIIOCIO, SIKU JO3BOJISIE
YUCEIbHO BU3HAYUTH TOJIOKEHHSI TOUKH Ha TUIOIIMHI. BaXIMBUMU KOOPAMHATHUMU
CHCTEeMaMH Ha TUIOIIMHI € MPSIMOKYTHA (JIeKapTOBa) 1 TOJIIPHA CHCTEMHU.

IIpsasMOKyTHa cucTEMA KOOPIUHAT
IIpsiMmokyTHa cHcTeMa KOOpPAMHAT Ha
y IVIOIMHI BU3HAYAETHLCS JIBOMA B3a€EMHO
MePIEHAUKYIIPHUMA HaIIPSIMHAMH
npsSIMUMH — OCIMUA KoopauHaT (Ox — BICh
abcuuc, Oy — BICh OpJMHAT), HAa KOXHIA 13
AKAX BHOpaHUM  OJMHUYHUI  BIIPIBOK
X (macmrab). Touka  mepeTuHy — Ocei
o A > koopauHar ()  HA3WBAETBCA  OYATKOM
Puc.31 koopauHat (puc.3.1).

y M (x;y)

Cuctemy KOOpAMHAT MMO3HAYAIOTh uepe3 Oxy, a IUIOLIMHY, B KA po3TallloBaHa
crucTeMa KOOpJMHAT, HA3UBAIOTh KOOPAMHATHO IVIOIMHOK).

AHANOTTYHO BU3HAYAETHCA MPSMOKYTHA CUCTEMa KOOPAMHAT y mpocTopi ( 3a
IOTIOMOTOI0 TPHOX KOOpauHATHUX ocelt Ox, Oy, Oz).

Pozrisaemo noButbHy Touky M mnommuu Oxy. Bektop OM  Ha3HBAIOTH pa-
JlyC - BEKTOPOM TOUKH M.

Koopannaramu Touku M y cucteMi koopauHat Ox) Ha3UBalOTh KOOPAUHATH

pazaiyc - BeKTopa OM . SIkmo OM =(X;y), TO KOOPJAMHATH TOYKH M 3amUCYIOTHCS
tak: M(Xx; y), Ie x Ha3UBAIOTh A0CIUCOI0, & V — OPAHHATOIO TOUKH .
IHoasipHa cucTeMa KOOpAMHAT
[lonsippa cucTemMa KOOpPJAMHAT BHU3HAYAEThCA HagaHHsAM Toull O, ska
HA3UBAETHCA MOJIOCOM, TpoMmeHsi OP, sKUii HAa3MBAETHCS MOJISIPHOKO BIiCCIO 1
BinpidkoMm OF (Macmradom) (puc.3.2).

[lonoxxenust Toukn M y TONSPHIA CHUCTEMI
KOOpPAMHAT BH3HAYA€THCA JIBOMA YHCIAMH: 1i
BiICTaHHIO I Bim momoca O, SKy Ha3WBaIOTh
NOJISIpHUM pajiycoMm, 1 kytoMm ¢ =ZPOM | sxuii
YTBOPIOETHCS BiipiskoM OM 13 OJSIPHOIO BICCIHO 1
HA3UBAETHCA TMOJAPHUM KyToMm. [Ipu mpomy
HiIpaxyHOK KyTIB BUKOHYIOTh y HalpsMi, SKUH €
NPOTWIEKHUM PyXy TOJWHHUKOBOI  CTPUIKH.
Yucrna I 1 ¢ Ha3WBalOTHh MOJISIPHUMH KOOPIAM-

HaTamMu Touku M i1 3anucyrote M(r, ¢).
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Jliis 3100yTTSI BCIX TOYOK IUIOIIMHU JTOCTAaTHBO MOJIIPHUN KYT ¢ OOMEXHUTH
npombkkoM (—7;7]( a6o 0<@ <27 ), a monspHuil pagiyc — npombkkom [0;+0). V
[[OMY BUITAJKy KOXHIA Touku miomuHi ( kpiMm O ) BIIMOBINAE €1UHA TIapa uucen I i
¢ Ta HaBMAaKH.

3B’A30K MiK NPIMOKYTHUMH i NOJISIPHUMU KOOPAUHATAMM
Hexait x 1 y — npsMOKyTHI KOOpAUHATUA TOUKHU

X M y cuctemi xkoopauHat Oxy, a r 1 ¢ — 1i
y HOJIIPHI KOOPJIMHATU TPU BIANOBITHOMY BHOOPI
KOOPJUHATHUX cucTeM (puc.3.3).
y M [IpssiMOKyTHI KOOpAMHAaTH  TOYku M
r BUPAXKAIOTHCS 4epe3 1i MOJSpHI KOOpAMHATH
TaKUM YHHOM:
9 y X X = C0S g,
O {y:rsingo. (3-1)

Puc.3.3
[losisipHi  KOOpAWMHATH TOYKU M BUpaxarOTbCs depe3 1ii  MPSIMOKYTHI

KOOpAWHATH TaKUM YUHOM!
A 2
Ny (3.2)

tgp=y/x
O3navennsi. PiBHaAHHsM JiHiI (200 KpuBOI) Ha IUIOIMHI HA3UBAIOTh
PIBHSIHHS, SIKE 3B’ SI3Y€ 3MiHH1 (X 1y — Yy JI€KapTOBIA CUCTEM1 KOOpJIMHAT, I 1 ¢ —y
NOJIAPHIA CUCTEMI KOOPJMHAT), SIKOMY 3a/I0BOJIbHAIOTH KOOPJAWHATH Oyab — SIKOI

TOYKH IIi€T JTHII 1 HE 33J0BOJLHIIOTh KOOPJAMHATH JKOJHOI TOYKH, SIKa HE HAICKHUTH
ii.

PiBHAHHS MHI y NIPAMOKYTHIN CUCTEM1 KOOPJUHAT MA€ BUTJISI:
y=f(x) ado F(x;y)=0.
3MIHHI X 1 ) Ha3UBAIOTh MOTOYHUMH KOOPIMHATAMH.
VY nondpHii cuCTEMl KOOPAWHAT PIBHSAHHS JIHIL 3a1a€ThCS PIBHOCTSIMU
BUTIIATY:
r="7(p) abo F(r;p)=0.
JliHIFO HA TUIOIMHI MOJKHA 3a/1aTH NapaMe TPUYHHUMH PiBHSHHSIMU BUTIIITY:
X = X(t),
y=y(),
Ae x 1 y — KOOpAWHATU MOBUTbHOI Touku M(x; y) Ha miHil, a { — 3MiHHA, SKY
Ha3uBalOTh mapameTpoM. [lapamerp t BH3Hauyae NOJIOKEHHS TOYKU (X, )) Ha
TUTOTIMHI.
Hanpwuknan, mapaMmeTpuaHi pIBHIHHS
X=t,
y=t’
3a1al0Th mapaboiy y =X’ (Ue JIErKko OTPUMATH IACTAaHOBKOKW t = X 10 Apyroro
PIBHSIHHS).

(3.3)
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JIiH1FO HA TUTOIIMHI MOYKHA 3a7aTH BEeKTOPHHUM

PIBHSIHHSIM
y r=r(t), (3.4)
r ne t— cxangpHuil 3MIHHUN TapaMeTp.
Koxnomy 3HaueHHO 1, BIIMOBITA€E TEBHUM
O X BEKTOP FozF(to) wiomyHn. Akmo napamerp t

3MIHIOETHCS, TO KIHEIb BEKTOpa I =r(t) ommucye

Puc.3.4
he nesiky JiHito (puc.3.4).

BekTopHOMY pIBHSHHIO BiIMNOBIAa€e ABa CKaIIPHUX PIBHIHHS (3.3).
PiBHsIHHA JiHIT [03BOJIIE BUBYEHHS TIE€OMETPUYHMX BJIACTUBOCTEH JIHIi

3aMIHUTH JTOCIHIIKEHHSAM 11 pIBHSAHHSL.

3.2 PizHi By piBHSIHHSA NPSAMOI
[Ipsimy 111e HAa3KMBAIOTH JIHIEKD MEPLIOro MOpsiAKY. P3BHUM criocob6am 3aBiaHHs
IPSIMOI BIIMOBINAIOTh y MPSIMOKYTHIA CUCTEM1 KOOPIMHAT PI3HI BUTJISAIN 11 pIBHAHb.
PiBHSAAHHA NPAMO] 3 KYyTOBMM Koe(illieHTOM
Hexait Ha mutonmai Ox) MOJIOKEHHS MPSIMOi BU3HAYAETHCSI OPAMHATOI0 b TOoY-
k1 N meperuny npsiMoi 3 Biccro Oy 1 KyToM Haxuily « npsmoi 1o oci Ox (puc.3.5).
[Tin kyrom Haxuay mnpsamoi g0 oci Ox
n PO3YMIIOTh TOH KyT, Ha SIKUW Tpeda MOBEPHYTU
M (X;y) Bicb OXx MPOTH TOJAWHHUKOBOI CTPUIKH, 00
BOHa 30Irach 13 JaHOw TnpsmMoro. Ywucio
k=tga Ha3uBalOTh KyTOBUM KOedilieHTOM.
N@b)| ~ - , CxnagemMo pIBHSHHSA MpAMOi, [JJs  LBOTO
BI3bMEMO JIOBUTbHY TOYKY M(x;y), sKa
v, > HAJICKUTH Iii IpsAMid. 3 puc.3.5 BUIHO, 110
MK =ML+ LK,
Puc.3.5 Tobto y=tga-x+b.

[To3naumnmo vepe3 K =tga 1 0TpUMaeMo pIBHSIHHS
y =kx+Db, (3.5
SIKOMY 3aJIOBOJIbHSIIOTH KOOPAMHATH OYyIb - siKOi Touku M(x;y) Ha mpsmid. MoxkHa
MOKa3aTu, MO KOOPAMHATH Oyab - sKoi TOYKU P(x;y), sKa HEe HAJICKHUThH JaHii
npsMiid, OTPUMAHOMY PIBHSHHIO HE 33/I0BOJIbHSIOT.

3arajibHe pPiBHAAHHS NPSAMOT
Po3ryissHeMO pIBHSHHS TEPIIOTO CTEMEHS BITHOCHO X 1 ) Y 3arajibHOMY

BUTISAIL
Ax+By+C =0,
ae
A* + B*# 0.
[lokaxkemo, 1110 1€ PIBHSIHHA € PIBHSHHAM mpsiMoi. JliiCHO, BBaXkarouu, IO
B#0, po3B’s>keMO 1OTO BIIHOCHO 3MIHHOI Y
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oA C
B B’
C

A .
Skmo no3Hauutd ——=K; ——=Db, TO ocTaHHE PIBHSAHHS MaTUME BUIJIS]
B B ’

y=kx+b, TOOTO OTpuManu pIBHSAHHSA NpsAMOi 3 KyTOBUM KoedinieHToM. Takox
MO>KHA TIOKa3aTu, 10 Oy/b - sKa NpsMa BU3HAYAETHCS PIBHIHHAM
Ax+By+C =0, (3.6)
K€ HA3UBAIOTh 3araJibHUM PiBHSIHHSAM NMPSMOI HA TUI0IIMHI.
JlocmigskeHHS 3araJIbHOr0 PiBHAHHS NMPSAMOI HA TUIOIIUHI

: Cc .
o Skmo A = 0, 10 piBHIHHS HaOyBa€ BUIITISAY Y =—3 1 BU3HAYaE NpsMYy, sKa

napanensHa oci Ox.
e Sxmo B = 0, To npsima napanenbHa oci Oy.
o Skumo C = 0, 10 piBHsAHHA Ma€ BUIIS Ax + By = ( 1 BU3Hauae mpsaMy, sKa
MIPOXOIUTH Yepe3 MOoYaTOK KOOPIUHAT.
o Sxmo A = C = 0, To piBHSIHHS Ma€ BUTJLIT Y = () 1 BU3HAYae Bich OX.
e Sxmo B = C = (), To piBHAHHs Ha0yBae BUTILINY X = () 1Bu3Hauae Bich Oy.
PiBHSIHHS MPSIMO], IKAa MPOXOAUTH Yepe3 3aaHy TOUKY B 3aJaHOMY HanpsiMi
Tpeba cxmacTu piBHSHHS MPSIMOI, KA MPOXOIUTh depe3 Touky M(xy, o) 1 il
HAlpsiM BHU3HAYAEThC KyTOBUM KoedimieHToM K. CKOpHCTAaEMOCS PIBHSHHIM
y=kx+b, ne 6— noku HeBimoMa BenmuurHa. OCKUIbKY MpsMa MPOXOAUTh Yepe3 TOU-
Ky M(xo,), TO KOOPJHMHATH IIi€i TOUKH 3aI0BOJIbHAIOTH PIBHSHHIO MPSMOi, OTXKE,
b=y, —kx,. Takum 4uHOM, IIyKaHe PIBHSHHS MPSIMOI Ma€ BUTJIIL;
y =kx+Yy, —kx,,
TOOTO
Y= Yo =K(x=X,). (3.7)
OTpumaHe pIBHSAHHSA 3 PI3HMMH 3HaYCHHAMH K Ha3WBaIOTh PIBHAHHIM
B’s13KH (Iy4YKa) MpPsIMUX B HeHTpoM Yy Touiri M(xy,)p).
PiBHSIHHS NPsSIMOI, IKA MPOXOAUTH Yepe3 IBi 3a1aHI TOUKH
Tpeba ckimacTu pIBHAHHS NPSMOi, SIKa MPOXOIUTH depe3 Touku M(xi; y1) 1
M(x5,,). CKOpUCTAEMOCH PIBHSHHAM TPSMOI, SIKa POXOUTh Yepe3 TOUuKy M:
Y=Yy, =k(x=x,),
ne k — moxu HeBimomui koediieHT. OCKUIbKH TpsiMa MPOXOIUTh Yepe3 TOUKY M),
TO KOOPJIMHATH IET TOUYKHU 33JI0BOJILHSIOTh PIBHSIHHS
Y, =Y =kK(X, —x).
3B1ICH 3HAXO TUMO

k = y2 B yl
X, =X
OTxe, IIyKaHe pIBHSHHS Ma€ BUTIIS:
— X —
h 7R (3.8)
Y.=Y1 XX

PiBHsIHHA npsAMO] y Bigpi3kax

26



Hexaii npsima nepetunae
ne a=0, b=0 (puc.3.6).

A
M (0;b)
M, (a;0)
0 X
Puc.3.6

ochb Ox y Toutti My(a,0), aock Oy—y Toutti M,(0,s),

VY upoMy BUNAAKY PIBHAHHS MpPSIMOi, sfKa
IPOXOJIUTH YePE3 JIBl TOUKH, MA€ BUTTISI:

y—O_x—a
b-0 0-a
abo
L A (3.9)
b

PiBHSIHHSI IPSAMOI, SIKa POXOAUTH Yepe3 3aJaHy TOUKY i NepreHIuKYJIApHA 10

JIAHOTO BEKTOpa
Tpeba ckmactu piBHSIHH

NEPIEHAUKYIISIPHA 10 BEKTOPa

s TPSIMOI, sIKa TIPOXOJIHUTHh 4yepe3 Touky Moy(xo; Vo) 1
n=(A;B) (puc.3.7).
Hexait M(x; y) — OBiIbHA TOYKA HA TPSIMIii.

n
v | ™~ ByoyeMo  BeKTOp MM =(X—X,;y—Y,) .
M (x;y) OCKUIbKH BEKTOPU n 1 M,M
0 (X0 Yo) MEePIEHAUKYISAPHl, TO iX  CKaIApHUI
00yTOK JOpiBHIOE HymoO: n-M,;M =0,

/ O x> TOOTO

A(X—X,)+B(y—y,)=0. 3.10
Puc.3.7 o ’ (3.10)

Bekrop n=(A;B), SKuil € MNEPUEHAUKYIAPHHM 10 MPAMOI, HA3UBAIOTH
HOPMAJIbHUM BEKTOPOM NPSAMOI (F€OMETPUYHHUNA 3MICT KOE(]IIIEHTIB 3arajibHOTO

PIBHSTHHS MPSIMOI ).

BincTanb Bix TOUKH 10 psIMOi

Tpeba 3HalTH BlICTaHb

Bim TOuku My(xo; yo) [no mpsimoi L, sika 3amaHa

3arajibHUM PIBHSHHAM Ax+By+C =0 (puc.3.8).

yA

M, 0
n

Bincranp d  Big Toukm M, o mpsmoi L

JOPIBHIOE MOAYJIIO MPOEKIlii BekTopa M;M,

Ha HanpsiM HOPMaJILHOTO BEKTOpa n=(A;B),
ae Mi(x; y1) JIOBUIbHA TOYKA, SIKa

N

Puc.3.8

M,M,-n _
g
1 —x)A+(y, —1)B| _|Ax, + By, — Ax, — By,|

JA? 4+ B2 JA? + B?

MM

1

HAJISKUTh NpsIMii L :
o‘ =

dzhﬁ

Ockinbku Touka Mq(x1; y1) HanexuTh npsamiid L, to Ax, +By,+C=0.
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OTxe,
J- |AX, + By, +C]|

JA? +B?

3.3 KyT Mik 1BOMa NPIMMMH, YMOBH NAPaJIeIbHOCTI Ta
NepHeHMKYJISAPHOCTI ABOX NPSIMUX, TOYKA NePeTHHY

(3.11)

KyT mMizk ABOMa npsAMUMH
Hexait npsimi Ly 1 L, 3amani pisasaaamu: Y =k X+b i y=k,x+b, (puc.3.9).
3HalgeMo KyT ¢, Ha SKUM TpeOa MOBEPHYTH Y
L JOTaTHOMY Hampsmi mpsMy L, HaBKOJIO TOYKH X
MEPETHUHY J10 NMpsMOi L, 1100 BoHU 301rucs.

L
i Maemo ¢ =a, —a, , TOII
lga, —tga,
tgp =t —o)=—""—"—"—_ A t =k,
g =tg(a, — ) 11tge, g Je  Wgo, =K
tga, =k, Tomy
k, —k
tgp=—2—L. 3.12
Puc.3.9 59 1+k1'k2 ( )

Ao noTpiOHO OOYUCIUTH TOCTPUN KYT MDK OPSIMUMH, TO 3aCTOCOBYIOTH
opmyry
k, —k,
1+kKk,
I3 hopmymu kyra Mok mpsmumu L; 1 L, BuIuMBae ymoBa napajiesibHOCTI
JABOX NPSIMHUX:

tgp =

B
k =K, ao 2=t
1 2 360 Az 82 (313)
1 yMOBa nepneHIUKYJISAPHOCTI 1BOX NPSIMHUX:
k1 ) kz =-1 a6o AiAZ + Ble =0, (3-14)

B3aemHe po3TanryBaHHs ABOX NPSIMUX HA IVIOLIMHI
Hexait maemo 11Bi ipsimi

Ax+By+C =0i Ax+B,y+C, =0.
Pozrasinemo cucteMy 1BOX piBHSAHb
Ax+By+C =0,
{A2x+ B,y+C, =0.
O6uyncIMMO BU3HAYHUKU

A Bl g
A_‘Az o |- AB.-AB,

2
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_Cl Bl
A, = =-C,B,+C,B,,
_Cz Bz
Ai _C1
A = =-AC,+AC..
y A2 —C2 'A& 2 A2 1

MOo>KJIMB1 TaK1 BUITAAKU
1) sxkmo A=0, TO CHCTEeMa Ma€ €IMHUN PO3B’SI30K, KUK BH3HAYAETHCS 3a
nornomoroto Gopmyin Kpamepa:
A A,

A y A

Lleit BUmamoK 03HAYAE, 110 IPSIMi IEPETHHAIOTLCS, a (X; Y) — TOUKa IepETHHY.
2) sixkmo A=0 inpu bOMY BIIMIHHHIA Bi HYJISI X0ua O OJIUH 13 BU3HAYHHKIB A,

A,, TO cUCTEMA PO3B’ A3KIB HE MAE; TOOTO NPAMI NapaesbHi.
3) dxmo A=A, =A, =0, To cucTeMa Ma€ HECKiHYEHy MHOXKHMHY PO3B’SI3KiB,
TOOTO MpsiMi 301rar0THCS.

3.4 Kpusi apyroro nopsiaky: ko.Jio, eJine, rinepdo.ia, napadoa. Ixui
BJIACTHBOCTI

Kono
Osnavennsi. Koao pagiyca R i3 menrpom y touni O(a;b) — ue muoxuna
TouoK M Ha TuommMHI, piBHOBinAaneHux Binm naHoi Ttouku O (puc.3.10), T0OTO
MO =R.
Busenemo piBusuHs Koaa. Hexait M(x;y) — moBiTbHA TOYKA KOJA 3 LICHTPOM Y
tounti O(a;6) ipaniyca R. 3a o3HaueHHsM KoJ1a MO =R, TOOTO

Jix=a)’ +(y-b)* =R

3 abo
TN (x—a)*+(y-b)* =R (3.15)
/ \ OTtpumanu PIBHSIHHS, SIKOMY
o) 33[I0BOJILHAIOTH KOOPIMHATH Oyapb — SIKOT TOUKH
L : M(x;y) xona i He 3aJ0OBOJLHAIOTH KOOPIUHATH
\ JKOJTHOI TOUKH, IKa HOMY HE HAJICKUTh.
\ - /71'"-"2-"} 3okpema, Xx°+y*=R?* —  KaHOHiuHe
~— . PiBHSHHSA KoJIa 3 IEHTPOM Yy TOYATKY
“ KOOpIUHAT pajiyca R.
Puc. 3.10

Eainc
O3navenns. EjincoMm Ha3uBaeThCs MHOXKMHA TOYOK Ha IJIOIIMHI, I SIKMX
cyma BIICTaHe# Bl IBOX JJaHUX TOUOK IUIOMIMHU ((POKYCIB) € BETMUMHOIO CTANIOHO (1
OUTBITIONO 3a BIICTaHb MDK (POKycaMu).
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Hexait Ha miomuHi BUOpaHa MPsSMOKYTHA

y cucreMa koopauHar Oxy (puc.3.11) 1 BuOpani
M(x; ) toukn F (+c;0), F,(-c;0) — Qokycu eiirca.
Skmo M(x;y) — moBUTbHA TOYKA eiilca, TO 3a
O3HAUYEHHAM eJiIca
o FM+F,M =2a,
F.(_c;0) F(c0) X TobTO
2 2 2 2
Puc.3.11 \/(x—c) +y +\/(x+c) +y° =2a.

BukoHnaemo nepeTBOpeHHs:

«/(x+c)2+y2 =2a—4/(x—c)2+ 2
X2 +20x+C? + y? =4a® —4a-/(x—C)? +y? + X2 —2cx+C% + Y2,

a\J(x—c)* +y* =a’ —cx,
(a® —c*)x*+a’y* =a’*(a*—c?).
Ockilbkn a>c, To a°—c®°>0. Iloxmagaemo b’=a’-c’. Tomi ocraHHE
PIBHSIHHSI 3aITUILETHCS Y BUIIISA I
b*x* +a’*y* =a’h®.
OcTaro4yHO MaeEMO
2 2
L

7 =1 — KaHOHiuYHe piBHSIHHA eJinca, (3.15)

Q

ne
b*=a*-c?.
[Tapamerpu @ 1 b y KaHOHIMHOMY PIBHSIHHI €INICa HA3UBAIOTHCS MiBOCSAMH
eJiinca.
Emiric mae ¢popmy, 300paxkeny Ha puc.3.12 (oBanbHa 3aMKHEHA KPUBA).
Sxmo a<b, eninc, Benmuka Bick sKoro BB, = 2b Hanexwuts oci Oy, a Mana

p

B.(0;b)

y 4
A (=a; 0)/ ;\ A@:0)
F,(-c;0) y‘ ”

Bz (01 _b)

b al

Puc.3.12 Puc.3.13

Bich — oci Ox (puc.3.13).
dokycu Takoro ejirca mepedyBarOTh Ha BeMWMKIA oci y Toukax F(0;c) 1

F,(0;—c), ne ¢’ =b’—a’.
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Sxmo a=b, ogepxumo X +y> =a’ — pIBHAHHA KOJIO.
I'imep6oJia
O3navennsi. I'inep00J1010 HAa3UBAETHCS MHOXXMHA TOYOK Ha TUIOUIMHI, JJIst
SKUX a0COJIIOTHA BEJIMYMHA PI3HUIN BUICTAHEW BII JBOX JaHUX TOYOK ILIOIIMHH
(doxkyciB) € BenmuurHOO cTaIO0 ( 1 MEHIIIOIO 3a BiICTaHb MUK (POKYCaMHu).

'y

b
X=——X
X=—X a
a

B.(0;b) M(x;y)
F, (—(;; A (-a;0 @) A (a;0)\F.(c;0) :

B, (0;-b)

Puc.3.15

SAxmo y npsaMokyTHiH cuctemi koopauHat Oxy (puc.3.14) BuOparu TOUKH
F.(c;0), F,(-c;0) — d¢okycu rimepdosu, To 3a O3HAYCHHSIM TrinepOoIM A ii
NOBUIBHOI TOukH M(X;)) BAKOHYETHCS PIBHICTD

IFM -F,M|=2a,
TOOTO
‘\/(x+c)2 +y° —\/(x—c)2 + y2'= 2a.
[Ticns mepeTBOpEHb OTPUMAEMO
X2 2
2 b2 =1 — kanoniune piBHsHHS rinepdonn, (3.16)

ne
b>=c’-a’.
Ao mnpoBecTH AOCHKEHHS (OpMH TinepOOIMd Taki, sIK 1 Yy BUNAAKY 3
eJINCOM, TO OTPUMAEMO KpHUBY, sIKa 300paxkeHa Ha pHUC.5.5 1 CKIAJaeTbCsl 3 JBOX
HECKIHYEHHX T1UJIOK.

Ha puc.5.5:

OA, = a — nilicHa IIBBICH; BB, =2b — ysBHa BICB;

OB, = b — ysiBHa MIBBICH; F.F, = 2c — BincTanp Mk Goxycamu,
A1A, = 2a — nificHa BICH; Ox, Oy — oci cuMeTpii Tirmep0oJIm;

Touka O(0;0) — neHTp cUMETpIl TiNepOOM K TOYKA MIEPETUHY OCEH CUMETPIi;
Touku A,(a;0), A>(— a; 0) — BepimHM rimepOoIH.

[IpsMokyTHMK 13 cTopoHamMu 2a 1 2b  Ha3uBaeTbcsi OCHOBHUM
NPSIMOKYTHUKOM Tinep0oJiu.
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AcCMMITOTH rinepoosu
ACHMITOTOIO HECKIHYEHOT KPUBOi HA3WMBAIOTh TaKy MPSIMY, JJIS SKOi BIICTAaHb
Bil TOYkd M Ha KpuUBIA 10 1€l MpsAMOi MpsMye A0 HyJs NPU HECKIHYEHOMY
BiJaJIeHH1 TOUKH M Bil TOYATKy KOOpPAUHAT.
Po3B’ soxeMo piBHSIHHS Tiep 0o (5.3) BITHOCHO y

2
a X

13p00OMMO TPaHUYHHI TIEpeXi, KOJH X MPIMYE 10 HECKIHICHOCTI.
Otpumaemo

y= J_rg X — piBHSIHHSI aCUMIITOT TinepooJiu. (3.17)

Axmo miBBici Timepbosm piBHI, TOOTO a = b, To TimepOona HA3WBAETHCA
PIBHOOIYHOIO.

KpuBa, sika BU3Ha4a€ThCS PIBHSIHHAM
2 2

y? X

a’ b’
TakoX € rimepboyoro (puc.3.15), miiicHa Bick sikoi 2D po3ramosana Ha oci Oy, a
ysiBHA BiCh 2a — Ha oci OX.

=1

Ha puc.5.6:

OB; = b — xiiicHa MIBBICH; BB, = 2b — niiicHa BiCb;

OA; = a — ysBHa TIBBICE; F1F, = 2c — BigcTanb Mbk GoKycamu;
A1A, = 2a — ysiBHA BICh; Ox, Oy — oci cuMeTpii rirnep0oJiu;

Touka O(0;0) — uentp cumeTpii rinep0OoJIn;
Touku B1(0; b), B»(0; — b) — BeprmHu rinep60.m.
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3a3Hayumo, 1m0 (QOKycH TimepOosM 3aBXIu TMepedyBarOTh Ha MIACHIA OCL

. x> y? yr X L .
OueBHaHO, IO TIIEPOOH ——5=1 1 ———=1 MaloTh CHUIbHI ACUMITOTH 1
a~ b a- b
HA3UBAIOTHCS CIPAKEHUMHU.
IMapa0o.sa

O3navenns. Ilapa0o1010 Ha3MBa€THCSI MHOXKMHA TOYOK HA IUIONIMHL, JJIs
KOXKHOI 3 SKHMX BiICTaHb 10 3amaHol Touku F (okyca) mopiBHIOE BigcTaHi 0
3a[1aHOl PSIMOT (TUPEKTPHUCH).

Bincrans Bin okyca F 10 qupekTpucH Ha3UBAETHCS MapaMeTPOM NapadoJiu
1 mo3HauaeThes uepes p (p>0).

SAxmo y npsamokyTHil cuctemi koopauHat Oxy (puc.3.17) Bubparu F(g;O) —

¢oxyc mapaGosm 1 AUPEKTPHUCY, SKa 3a]aHa

Y4 .
N M(x:y) PIBHSHHIM X = —g , TO 3CIHO 3 O3HAYCHHSIM
D KOOpJIWHATH AOBUIHbHOI Touku M(x;y) Ha mapaboi
X==5 . 38I0BOJBHAIOT PIBHAHHIO
5 )'( ~——> MF =MN ,
F(z:0) TOOTO
Jx=p/2)*+y? = (x+p/2).
Pnc.3.17 ITic/1s1 mepeTBOPEHb OTPHUMAEMO
y’ = 2pX — KaHOHIYHe PiBHSHHS MAPaGOIH. (3.18)
Touka O(0;0) — BepumHa mnapabosm; Bich Ox — Bich cuMerpii mapabomm

(puc.3.18(a)).
PiBHSHHS y*=-2pX, X°=2py, X*=-2py TaKOX BH3HAYaIOTh IapaboJm, sKi
300paxeni Ha puc.3.18(6), (s), (o).

Ya Y,
X=—p/2 Xx=p/2
(x;y)
b
2 |2 x o x
ON_F(p/2,0) F
a) y*=2px 6) y* =-2px
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7
Y
y=p/2
F o) )g
o) " =
y=-p/2
8) x> =2py 2) x> =—2py

Puc.3.18

ExcueHTprCcHTET KPUBHX JPYTroro nopsijaky
O3nayenns. ExcueHrpucureToM eJainca i rinmep0o/M  Ha3UBAETHCH
BITHOIIEHHS BiICTaH1 MK (POKYCaMU J0 TOBKHUHU BEJIMKOI OC1 KPUBOI:
c

E=—.
a

Excuentpucuter xapaktepusye (opMy KPUBOI Ta € MIPOIO «CILTFOCHYTOCTD).
Hna eninca 0<e<1l (mpu &=0 eminc ctae koysioMm). OCKUIbKK JI €finca

2
= 1—(5) , TO YUM MEHIIUIA MOTO €KCIIEHTPUCUTET, TUM eJIIc OymKye 3a GopMOIo

70 KoJa.

Jliis rimep6omm 1< & <oo. BBaxaroTh, 1110 apadosa Mae eKCIIEHTPUCHUTET, SIKUI
JIOPIBHIOE OJTUHUIILI.

Hpukaan. HeoOXigHO CHpoeKTyBaTH MapK TAKHUM YUHOM, LIO0 KHOr0 MEXH
MPOXOJWJIM TI0 JIHIi, sIKa € Timep00y0to, a acharbTOBaHI JOPILKKHA MO aCUMIITOTaAM
miei rimepbosm. Po3paxyHKH [dOBeNM, IO PIBHSAHHS TinepOoJd Mae BUTII
16x* —9y* =14400 (x Ta y mojaHi y MeTpax). 3HAWTH PIBHSAHHS JOPDKOK, (QOKYyCH i
EKCIICHTPUCUTET TinepO0IH, SKIIO BIAOMO, IO MOYATOK KOOPAWHAT PO3TAIyBaId Y
TOYIIl IEPETUHY ACUMIITOT.

. ) b
Po3p’si3anHs. PiBHSIHHA acUMIITOT rinep00M MalOTh BUTIISLA Y =+—X, TOOTO
a

Tpeba 3HaWTH IiHCHY a Ta ysBHy b MiBoci. JIist 1BOTO IMEPETBOPUMO DPIBHSHHS
2 2

Xy
900 1600

50 (c=+va’+b®). PiBusiHHS HOpDKOK — Y = i%x, koopauHatu Qokycis — F(50;0),

rinep00Ji A0 KAHOHIMHOTO BUTJIAAY: =1. 3Binku a = 30, b =40, oxke, c=

.. . 5
F,(=50; 0 1 eKCLIEHTPUCHUTET riepOoH £ = 3
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3.5 3arajibHe piBHAHHS KPUBOI IPYroro nopsiaky
JliHFO, fKa B JEAKIA TPSAMOKYTHIA CHCTEM1 KOOpJAWHAT BU3HAYAETHCS
anreOpaiyHUM PIBHSHHSAM 7-TO CTENEHs BITHOCHO 3MIHHUX X 1), HA3UBAIOTh KPUBOIO
n -TO MOPSKY.
30KpeMa, SKIIO 7 = 2, TO PIBHAHHSA AX® + Bxy +Cy’ + 2Dx + 2Ey + F =0 BH3Ha4a€
KPHMBY JIPYroro nmopsiiky (BBaxaeTbcsi A’+B”=0). Po3risiHeMO BUMAIOK, KOJU
B=0. [Ii3Hime Oyme BCTAaHOBJICHO, II0 OCTAHHE PIBHSIHHS BH3HAYa€ Ha IDIOMKMHI (32
BHHITKOM BHPO/DKEHUX BHWITQJKIB) KOJO, €firc, rimepOony abo mapabomy. Cin
3ayBaXUTH, IO 111 KPUBI Ta iX YU JIOCUTh YaCcTO 3aCTOCOBYIOTh B apXITEKTYp 1.
IIpuBeaeHHs 3arajibHOTO PIBHAHHS JIHIl APYroro mopsyiky A0 KAHOHIYHOTO
BUTJISITY
BaxnmBoro 3amadero aHaMITHYHOT TEOMETpli € JOCHIIKEHHS 3araJlbHOro
PIBHSIHHSL JIPYrOro MOpsAKY, NPUBEIECHHS MOro 10 HAampoCTIOro (KaHOHIMHOTO)
BUTY.
Po3risHeMo gani nuiie npukiaay piBHSAHb APYroTro NopsaKy npu B = 0:
AX* +Cy* +2Dx+2Ey+F =0.
IHpuxnan. [puBecTn piBHIHHS APYTOrO MOPSIIKY A0 KAHOHIYHOTO BUTJISAAY Ta
BCTaHOBUTH BUJI KPUBUX:
X +2y* —4x+16y=0;
Po3p’si3anns.
X?+2y° —4x+16y =0 = (xX*—4x+4-4)+2(y*+8y+16-16)=0 =
2 2
(-2 (y+4® _,

(Xx=2)* +2(y+4)* —4-32=0 = (x—2)* +2(y +4)* =36 =

36 18

2 Oé 2 — X

b
4 C

b
Pnc.3.19

_ 2 _ 2

PiBHSIHHS TIpUBEJEHO 10 BUIJIAIY (x Z(O) +(y beO) =1, TOOTO OTpUMAIH

piBHSHHS eminca 3 wneHtpoM y Toumi C(Xg;Yo): C(2;-4), IMBOC1 SIKOTO

a=+/36=6,b=18=3V2 (puc.5.10).

IuTanHA Q19 camonepeBipKU
1 Sxwuit BUTIIAA Mae 3araibHe pIBHAHHS KPUBOI JPYTOro MOpsaKy ?
2 BuBenith KaHOHIYHI pIBHSHHS KOJa, eirnca, rinep0oiu 1 mapadoJm.
3 SIxi reoMeTpHUYHI BIACTUBOCTI €irca, rinep6ou 1 napadosm?
4 1llo Ha3uBa€eThCS ACUMMNTOTAMU T1epOOIH?
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JIEKIIIA 4
4.1 ®Oyukiiss. OCHOBHI BIACTUBOCTI
4.2 HeckiHY€HHO Majll Ta HECKIHYEHHO BEIWKI BEJIUYMHU. 3B’S30K MDK HHUMHM.
['panuis Qynkiii
4.3 Ilepma Ta aApyra ocoOIMBI TPaHMITI
4.4 HeniepepBHicTh ¢yHKIlii. OCHOBHI TEOpEMU MPO HeTepepBHI QYHKIT I

4.1 ®ynukuia. OCHOBHI BIaCTUBOCTI

O3HavyeHHsi. 3MIHHOI0 BeJIHYMHOK (3MIiHHOK) HA3MBAEThCS BEIWYMHA, SKa
HaOyBa€ pI3HUX YHUCJIOBUX 3HAUYECHD.

SIK1110 3HAYEHHS BEJIMYMHU HE 3MIHIOETHCS, TO ii 3BYTh CTAJIOK).

3MiHH1 BEIMYWHM 3a3BWYall TIO3HAYAIOTh depes X, Y, Z,...1 T.4., a cTajli — a, b,
c,...1T.1.
Hexaii 3amandi 1B1 HEMOPOKHUX MHOKHUHA X 1 Y.

O3navenHnsi. BigmoBimHICTh, 3a SKOK 3 KOXHHMM 3HAUCHHSM 3MIHHOT
X € X (sKa HaIeXWTh MHOXWHI X) 3iCTaBISIOTh LUIKOM IEBHE 3HAYEHHS 3MIHHOI
Yy €Y , Ha3zuBaeThcs (PYHKIIEIO 1 MO3HAYAEThCS y= f(x) a00 y=y(x). 3MiHHY X
HA3UBAIOTh HE3aJI€5KHOI0 3MIHHOKO a00 APryMeHTOM, a 3MiHHY ) — 3aJI€’KHOI0
3MiHHOI0 200 QyHKIi€IO.

O3nayenHsi. CyKyImHICTh YyCIX 3Ha4€Hb HE3AICKHOI 3MIHHOT X, JJI1 SKUX
BU3HAYAIOTHCS 3HAUEHHS (PYHKILI y Ha3UBAIOTh 00J1aCTI0 BU3HAYEHHSI PyHKUII 200

o6nacmio icuyBanus i mosmauarote D(f) a6o D(Y). Cyxymmicts ycix pizHmxX
3HAYCHb 3MIHHOI ), sIKI OOYHCIIIOIOTBCS 3a MpaBWIOM f(x), Ha3WBAIOTH 00JIACTIO

sminn ¢yHkuii i mo3nagarots E(f) a6o E(Y). V mammx mosmawenmsx D(f) = X,
E(f) = V.

3HadeHHsA, sKoro HaOyBae QyHkmis y=f(X) mpu x=Xx,, mo3Ha4aroTh f(Xx,) 1
Ha3UBalOTh YACTMHHUM 3HAYCHHAM (YHKII.
Cnoco0u 3a1anHs QyHKUIT

Hait017b111 pO3MOBCIOIKEHUMU € TPH CTIOCO0H 3aaHHsl (DyHKITIi: aHATITHIHHM,
TaOMMIHHUM, TPadIIHMIM .

1) Ilpu anajgiTHaHOMY cmoco0i (YHKIIIO 3a7al0Th y BUIJSAI OAHIET a0o
JAEKUTbKOX (opmyn ado piBHSIHBb. PO3pBHAIOTH Takl (OPMHU aHATITUYHOTO 3a/JaHHS
GyHKITI:

e SIBHa popma 3amaHHA PyHKUIl: y=f(X).

X+1, sxmo —1<x<0,
Hampukian, y=+/1-x%, y={ 1 , skmo 0<x<I,

. T
smEx, akmo 1 < X< 2.

e HesBua dopma 3anannsa pynkumii: F(x;y)=0.
Hanpukman, y>-x+1=0.
e [lapameTrpuuna ¢opma 3agaHHS PYHKILII:
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{X=(p(t),
y =y (b).

[Ipn mapamerpuuHOMY 3aJaHHI (PYHKUII 3HAYEHHS 3MIHHUX X 1 ), SKI
BIIMOBIIAIOTh OJHE OJJHOMY, BU3HA4alOTh Yepe3 TPETIO BEIMYUHY, AKY HA3UBAIOTh
napaMeTpoM.

X =sint,

) t €[0; 7 /2] IUIAXOM BUKIIOYECHHS mapamerpa t
y = cost,

Hanpuknan, GyHKITisA {

JOITYCKAE 3aIHKC Y SIBHIM Gopmi y=+1—x2.
2) ITpu TadbauaHOMY CIOCO6i HYHKITIIO 33JaF0Th Y BUIIIsII Ta0mIli (puc.4.1)

X |xx .. x,
y o »mye e
Puc.4.1

1€ X;, Y; — 3HaueHHs aprymenTy i QyHkiii (i=1;n).

3) npu rpadiyHoMy cnocodi y JeKiii MpsIMOKYTHIA CHUCTEMI KOOpAMHAT Ha
IUVIOLMHI OyIyIOTh CYKYNHICTh YCIX TOYOK (rpagik yHkumii y= f(x)), A AKUX
abciuca x 1 OpJAMHATA Y € 3HAYEHHSAMU BIIIOBIIHO apTyMEHTY 1 PyHKILii.

J10 OCHOBHUX BJIAaCTUBOCTEH (DYHKIIINA HAJICKATD:
00J1acTh BU3HAYEHHS Ta 00J1aCTh 3MIHU;
MapHICTh a00 HEMAPHICTB;
NePi0OIUYHICTb;
OOMEKEHICTD;
iCHyBaHHs1 00epHeHoi (yHKIIIi;
ICHYBaHHSI acCUMINTOT Irpadika QyHKILii;
nudepeHIiioBaHICTh;
HENEPEPBHICTB;
MOHOTOHHICTb, ICHYBaHHSI EKCTPEMYMY;
ONYKJIICTh, YTHYTICTb, ICHYBaHHSI TOUOK IIE€PErUHY;
IHTETPYEMICTH 1 1H.;

HaBenemo o3HaueHHA LMX MOHATh, 3@ BUHATKOM THX IOHATH, SIKI OyAyTh
PO3IIISTHYTI HUXKYE.

O3navenns. OyHkiis y= f(x), AKa BU3HAYCHA HA MHOHUHI X, Ha3UBAETHCS

NAPHOI0, AKIIO 11 BCiX X € X BHKOHYIOTbCA yMOBH — XE€ X 1 f(—x)=—f(x); i

HEMAPHOI0, KO /Ui BCix X € X BHKOHYIOTECS yMOBU — X € X 1 f(—x) = f(X).
['padix mapuoi ¢yHkui cumerpudHuil BigHOCHO oci Oy, a HemapHoi —
BITHOCHO TI0YaTKy KOOpIMHAT.
Hanpuxnan, Y= X*, y=COSX — napHi QyHKIIIi;
y=x% y=sinx — nemapHi QyHKuii;
y=X+1 y=InX — }yukuii 3aragsHOro BUrisy, T00T0 Hi MapHi, Hi HEMAPHi.
O3navennsi. Oyskis y= f(x) , gKa BU3HAYE€HA HA MHOXHWHI X, HB3UBAETHCS

nepioguunoro 3 nepiogom 7, ko A Oyab — SKOTO 3Ha4eHHs aprymenty X € X
BUKOHYIOThCS YMOBHU: f(X£T) = f(x).
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3a3Buuail min nepiogoM (yHKII po3yMilOTh HaMMEHIIMH 13 yCiX JOJAaTHUX
nepio1iB ( SAKIIO TaKWH ICHYE).

Hanpuknan, dyHkmi y=cosx, y=sinx MepiOJWYHI Ta MalOTh HaWMEHIIHMA
JOJATHHIA Tiepion 277 .

O3navenHst. OyHkiis y= f(x) , IKa BU3HaYCHA Ha MHOXHMHI X, Ha3UBA€THCS
00Me)KeHOI0 HAa Wik MHOXKMHI, SKIO iCHye Take 4ucio M > 0, mo amd BCIX
X € X BUKOHYyeThCs HepiBHICTH |f(X)|<M (To6TO Tpadik oOMexeHOl GyHKIl
pO3TaloBaHUi MK pssMuMu y =— M 1 y = M).

Hanpuknan, ¢pyHkiis Y =SIin X € 00MeXEHO0 B 00J1aCTi BU3HAYCHHS, OCKUILKU
sinx| <1 npu X €R.

Hexait D(f) i E(f) — BiAMOBiIHO 00JacTi BU3HAYEHHS 1 3MiHH (QYHKIL
y=f(x). Skmo xoxHoMy 3HaueHHro Y € E(f)BignoBinac eauHe 3HaUEHHS
xe D(f), to BmHauena ¢yukiin X=¢@(y)3 o0nacTio BM3HaueHHs E(f) Ta
obmactio 3minn D(f) . Taka ¢yukuis ¢(Yy) HasuBacTbCs 00EPHEHOIO 10 (PYHKIIl
f(x), il mo3Ha4yaroTe f* 1 3amucyrore X = f '(y). @yukmii y=f(x) 1 X=¢@(y)
Ha3MBaIOTH B3a€MHO o0epHenumu. Hanpuknan, y=a" i y=Ilog, x(a>0, a=1l)e
B32EMHO O0E€pHEHUMH (YHKIIISIMH.

O3navenns. OyHkig y= f(x) , K2 BU3HAYECHA HA MHOXUHI X, HBBUBAETHCS
3pPOCTAIYO0I0 (CIATA0U0I0) HA MHOKHHI X, C X | gKIo 118 Oyab — SKHX 3HAYEHb
X1 1x, € X, 13 HepiBHOCTI X1 > X, BumumBae HepiBHICTH T (x1) > f (xo) (f (x1) < f(xy)),
TOOTO OUIbIIOMY 3HAYEHHIO APTyMEHTY BIANOBINA€E Oulbllle (MEHILE) 3HAY€HHS
dynkiii. SKmo 3 HepiBHOCTI X; > X, BUILTMBAE HepiBHICTB f (x1) > f (xp) (f (xy) <
f(x,)), To QyHKIIIO HA3UBAIOTH HECHAAHOIO (HE3POCTAIOYOK0) HA MHOKHHI X, .

3pocTaroul, HE3pOCTaroyl, craaHl Ta HecnaaHl (QYHKUI HAa3UBaKOTh
MOHOTOHHMMH, a3pOCTAal0u1 1 CrIaiHI PYHKII — CTPOro MOHOTOHHUMHU.

Hampuknan, ¢yskmis Y=6€° e spocrarouoro mpu XE€R, a ¢ynxuia
y =109,,, X cnamae npu x > 0.

Eaementapna QpyHxkuist

OyHKIT, SKa MOXe OyTH 3amaHa OJHIEI (POpMYIO, IO CKIAAAETHCS 13
OCHOBHHUX €JI€MEHTApHUX (DYHKIII 1 CTaIMX BEIUYUH 32 JIOTIOMOTOK CKIHYEHOTO

yycsia apuMETHYHUX Oomepallii (J1o/1aBaHHs , BiAHIMAHHS, MHOKEHHSI, JUICHHS) Ta
omepatii B3SITTS «(QyHKITi BiT QyHKIT» HA3UBAETHCS eJIeMEHTAPHOIO (PYHKIIi€I0.

2 .
Hampukmazg, y=>5"%, y=cos’ In; — eJIeMEeHTApHI PYHKIIIT;

X* +1, axuo x<0, _
y=[x, y= — HEEeJIIEMEHTApH1 (PYHKIL1i.

1, saxwo x>0,

Ckaaana pyHkKuis
Hexait ¢yskmiss  y=f(u)Bu3HaueHa Ha MHOXHHI X, a QyHKIIA
U=¢@(X) BU3HAUCHA Ha MHOXUWHI X;, TpUuOMy 1Jisi Oyab — SIKOTO 3HAYCHHS X e X,
ICHy€ BIINOBIIHE 3HAUEHHS U=¢(X)e X . Toal Ha MHOXMHI X; BU3HaYeHa (yHKIis
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u= f(p(x)), AKa HA3UBAETHCS CKJAAHOI (yHKHicl Bix x (abo cymepno3uiiero
3a/1aHuX (PYHKIIIH).
Hampukiazn, y=sine* € cynepno3uiieto 180X GyHKII y=sinui u=e"

8.2 HeckiHueHHO MaJIi TA HeCKIHYEHHO BEeJIUKI BeJIMYHHU. 3B’ A30K Mi’K HUMMU.
I'panuns ¢pyHkuii

ITix 0x0JI0M TOYKH X, PO3YMIiIOTH Oyab — SIKiil iHTepBai (a ; D), SKuit MICTUTD
TOUKY Xo.

Hexait ¢yHkiist y= f(x) BU3HaY€HA B OKOJIl TOUYKHU Xp, 32 BUHSITKOM, MOKJIH-
BO, CaMOl TOYKH Xj.

O3nauenns. Yucno A Ha3uBaeTbCs rpaHMuer0 QyHKUii f(x) mpu X, siKe
NPSAMYE 10 Xy (X — X,), SKIIO i Oyab — SIKOTO K 3aBIOJHO Majoro 4ucia & >0
ICHy€e 4HUCIO &(g)>0, SKE 3aISKUTh Bl &, Take, IO MPU BCIX xe(ab), fAKI
3aJI0BOJIbHSIOTH HEPIBHOCTI 0 < |X—X,| < &, BUKOHYeTbCS HEPIBHICTH | f (X)—Al<¢.

CumBoJIIYHO 11eH (haKT 3amUCyIOTh TaK : XILnx”lo f(x)=A.

SAxmo lim f(x) =0, TO 1€ 03Ha4ae, mo s Oyab — SKOro yuciaa M >0 icHye
X—=>Xp

qucyio 5(M) >0, SIKe 3aIeKUTh Bil M, Take, IO NpH BCIX X, sKI 3aJ0BOJLHIIOTH
HepiBaocTi 0 < \X — XO\ <&, BUKOHYEThCS HEPIBHICTH |f (X)|>M .
I'panuus pyHKUii mpu x — oo
ko 152 f(x)=A, To msa Oyap — skoro yucia £ >0 icHye uuciao M(eg) >0,
SKe 3aIeKHUTh BII &, Take, IO MpHU BCiX X, JJIs SKUX BUKOHYETHCS HEPIBHICTD
x| >M(&) BunmuBae mepiBHicTS |f(X)—A|<é.
AHAJIOTTIHO 1@0 f(X) =00, axmo mans 6yap — sxoro yuciaa M >0 iCHye 9UCIIO

N(M) >0, siKke 3aJieKuTh BT M, Take, MO OpH BCiX X, IS SKAX BHKOHYETHCS
HepiBHicTh |X| > N BuIumMBae HepiBHICTS | f (X)|> M,

I'eomeTpuyHMi 3MiCT rpaHui QYHKII
SIkmo XILrDO f(x)=A, To I BCIX TOYOK

X, SKI JeXaThb Bi TOYKH X HE Jai,
HDK Ha BIICTaHb &, TOYKH rpadika
byHKIii y= f(X) JIexare ycepemauHi
CMYTHU, HIUPUHOIO 2¢, sIKa OOMEXKeHa
npsIMUMU~ y=A-¢ 1 y=A+¢

(puc.4.2).

OnHOCTOPOHHI rpaHui
Jlis icHyBaHHs rpaHumi QyHkiii f(X) mpu X — X, HEOOXI{THO ¥ OCTaTHBO,
100 Masa Miclie piBHICTh
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lim f(x) = lim f(x),
0 X—>%g+0

X—>Xg—

)i (S IimO f(x)= f(x,—0) — JiBa rpanuus, a Iim0 f(x) = f(x,+0) — mpaBa rpaHuns
X—>Xp— X—>Xg +

pynkuii f(x) y Toumi x=x,. 3amuc x—x,-0 (x—>x+0) O3Ha4ae, MO TOYKA X
HAOJIMKAEThCS 10 TOYKU X, 3JBa (crpaa). [IpaBa i1 miBa rpanuil GyHKI y TOYII
Ha3MBalOTHCS OJIHOCTOPOHHIMU rpaHuusAMHM (GyHKIIT B 1iii TOYIIi.

VY 3aragpbHOMY BUNAJKY JIiBa 1 MpaBa rpaHUlll QyHKII y TOUIl X, MOXYTh
ICHYBaTH, aji¢ He JIOPIBHIOBATH OJ[HA O THIK.

Hanpukian, obnacte BusHaueHHs (yHKuii y=arcctg(l/x): D(y)=R\{0}, T06TO
(GyHKIE HE BU3HAYEHA JIMIIE B OAHIA Toulll X,=0. OO4yuciuMo ii OJHOCTOPOHHI
IPaHUIl B 11 TOYIII:

XILrpO arcctg(1l/x) =0, XILrPo arcctg(l/ x)=r.

3ayBakeHHs. Bu3HaueHHsA rpaHull (QyHKLI y TOYLl X=X, HE OOOB’SI3KOBO
BUMAarae ICHyBaHHs ()YHKIIii B 1[I TOYIII.
HeckinuyenHo maJi Be1muuHM ((PyHKIIT)
OyHKIIS y = f(X) HA3UBAETHCS HECKIHYEHHO MAJIOKO TIPH X —> X, , SIKIIIO
lim f(x)=0.
X—=Xo
3a 03HaYEHHAM TpaHulll QYHKII 11 PIBHICTh O3HA4Ya€: g Oyllb — SKOrO SIK
3aBTOJHO MaJOro 4yucia & >0 ICHye 4uciio o&(s)>0, Take, MO NPH BCIX X, SKI
3a/I0BOJIbHSIIOTH HEPIBHOCTI 0 < |X—X,| <& BHKOHYEThCS HEpIBHICTH |f (X)| <& .
Hanpuknan, GyHKIS y =sin X € HECKIHUEHHO MaJIOIo IPU X — zn, NneZ.

J1J11 HECKIHYEHHO MaJTX BEJTMUYMH BUKOHYIOTBCS TaKl BIACTUBOCTI:
a) amreOpaiyHa CcyMa CKIHUEHHOTO 4YHCJa HECKIHYEHHO MalluX BEIMYHUH €
HECKIHYEHHO MAaJolo;
0) T0OYyTOK HECKIHYCHHO MaJIOi BEIMYWHU Ha OOMEXKEHY, KOJu X — X, (a00 X—>x) €
HECKIHUCHHO MaJIiM,
6) 4acTKa B JUICHHS HECKIHYCHHO Majioi BEIWYMHH Ha OOMEXKCHY, TPaHUIIA SKOi
BIIPIBHAETHCS Bifl HYJIS, € HECKIHUCHHO MaJoIo;

JloBeneHHs1 BIacTUBOCTI 8). Hexail «(X) — HeckiHueHHO Mana QyHKist, g(X) —
obMexeHa (YHKIS TIPU X — X,, TOOTO !erlo a(x)=0, Xllﬁrp0 g(x)=a= 0. PosriismaeMo

bysaKIi0 a(X)/ g(x) mpu x—X,. [lepenumemo dyHkIro y BuUrmiai «(x)1/ g(x)).
Ockitbkn a(x) >0 mpu x— X, a 1/g(x) >1/a (a=#0), TOMy MaeMO HECKIHUCHHO

Mary QyHKIIIO SIK JOOYTOK HECKIHYEHHO MaJioi Ha OOMEeXeHy (PYHKILIIO.
HeckiHueHHO BeJIHKi BeTHYHHH
CDYHKIIi}I y = f (X) HaA3UBAETHCS HECKIHYEHHO BEJIMKOI0 IPU X — X;, AKIIO JJIs

Oynp — skoro umcia M >0 icHye umcio S(M)>0 Take, IO TpU BCIX X, sKI
3aJ10BOJIbHSIOTL HepiBHOCTI 0 <|X—X,| <5, BukoHyerbcs HepisnicTs |f(X)|>M.
To6To lim f(x) =0,

X—>Xg

Hanpuknan, ¢pyHkiis Yy =tgX € HECKIHUEHHO BEIMKOIO TpU X - 7/ 2.
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Mixk HeCKiHYeHHO MAJIMMU il HECKIHYEHHO BeJIMKUMM BeJIMYMHAMH iCHYE
TAKa 3QJEKHICTh: SKIIO f(x) — HECKIHUEHHO BEJIMKa IpHU X—>X,, TO ii oOepHEeHa
BermunHa a(X)=1/ f(X) — HECKIHUEHHO Masia (1 HaBMaKu).
3B’130K Mik QyHKLI€I0, i TPAHUIECI0 TA HECKIHYEHHO MAJIOI0
Teopema. [lns Toro, mo0 ¢yHKIA y= f(x)Majda TPAHHIO XILrQ, f(x)=a,

HEOOXIMTHO W JOCTaTHbO BHWKOHAHHS piBHOCTI f(X)=a+a(X), ne  a(x) —
HECKIHYEHHO Masa (QYHKIIIS IPU X —> X, .
JoBenennsi. HeoOximHicTh: Hexail lim f(x) =a. Toxal 3a o3HaYeHHSM TpaHUIl

X—=>Xg

byHKILI 17151 Oy/Ib — SIKOTO SIK 3aBTOJHO MaJIOTO 4Yuciia £ >0 ICHYE 4YHCIO S(g) >0,
AK€ 3aJeKUTh Bl &, Take, 10 MPU BCIX X, SIKI 3aJOBOJIbHSIOTH HEPIBHOCTI
0<|x—x|<&, BUKOHYeThCS HepiBHICTB |f(X)—a|<e. A meit dakr o3Hadae, mo
¢byskiist f(X)—a Mae rpaHUINo, siKa JOPIBHIOE HYJIO, TOOTO € HECKIHYEHHO MAJIOIO.
[To3naummo ii uepe3 a(x), Toai f(x)—a=a(x). 3Bincu f(x)=a+a(X), mo i Tpeda
OyJ10 TOBECTH.

JlocTaTHICTB: HeXall  BHKOHYETbCS PIBHICTB f(X)=a+a(x), ae  a(x) —
HECKIHYEHHO Maja (QYHKIIIS TIPU X —> X,, TOOTO )!LYDO a(x)=0. Tomi nysg Oyap — SKOTO

SK 3aBTOJHO MaJOro 4ucia & >0 ICHye 9HCIO S(g) >0, SKE 3aIeKUTh Bl &, Take,
0 MpU BCIX X, SKi 3aJ0BOJBHSIOTH HEPIBHOCTI 0<|X—X,|<&, BHUKOHYEThCH
HepIBHICTh |a(X)|<&. OckilbkU 32 yMOBOIO «(X) = f(Xx)—a, To MaeMmo |f(x)—a|<e
MIPU BUKOHAHHI IOTIEPETHIX YMOB. A 1€ 03Hadae, 10 )!erlo f(x)=a, mo 1 Tpebda Oys0

JOBECTH.
3B’A30K MiK ICHYyBAaHHAM I'PaHUI Ta 00MeKeHICTI0O PyHKILiI
Teopema. Sxmo lim f(x)=a, 1e a — ckiHueHHa BenMu4yrHa, TO QyHKIa f ()
X—>Xg

€ 0OMEKEHOI0.
[{ro TeopeMy MPOIMOHYETHCS JIOBECTH CAMOCTIMHO (aHAJIOTTMHUM YHMHOM, SIK 1
MOTICPEIHI).
OcHoBHI TeopemMu NPo rpanumi GyHKIii
BBaxkatnumemo, 1110 TpaHMUIIi XILT] f.(x) Ta XILnxwo f,(X) ICHYIOTh 1 CKIHYCHHI.

Teopema 1. ['panurt cymu (pi3HUIN) 1BOX (PYHKIIIN JOPIBHIOE CyMi (p I3HMIIL)
IpaHyllb UUX (PyHKIIIA
lim(f,(x) £ f,(x)) = lim f,(x) % lim f,(x).
X—>Xg X—>Xg X—>Xg
Hacainok. Sxmo QyHKIs Mae rpaHullio, TO BOHA €/1MHA.
Teopema 2. ['panutisg 7oOyTKy A1BOX (YHKITIH JTOPIBHIOE TOOYTKY TPaHHUIIb ITUX
yHKiit
lim(f,(x)- f,(x)) = lim f,(x)- lim ,(x) .
X—>Xp X—>Xp X—>Xp
Hacainku.
1. Cranuii MHOKHHMK MO>KHA BUHOCUTH 32 3HAK IPaHUIIL
XILT)(Cf (X)) = CXEXT f(x), ne c=const.
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2. I|m(f (x))" =(lim f (x))", ne N - 1uIe qoaTHE YUCIIO.

X—>Xg
. lim \/f(x) \jnm f(x).

3aYBa>KeHH$I. Teopemu 1 12 3anMImar0TbCs COPABEIIMBUMHE JJIsl Oy/Ib — SIKOTO
CKIHYEHHOT'O YHCJIa JOJAHKIB 1 MHOYKHHUKIB.
Teopema 3. I'panuist yacTku ABOX (YHKIIIH JOPIBHIOE YacTIl UUX (yHKIIH,
SIKITIO TPAHUI 3HAMCHHHUKA HE JOPIBHIOE HYJTIO
£,(x) lim f,(x)

X—>Xg

% f,(x) lim f,(x)
X—>Xg

, AKo lim f,(x) #0.
X—=>Xp

JloBenenHs Teopemu 1. Hexaii lim f,(x) =a, lim f,(x) = b.
X—>Xg X—>Xo

Tomi f(x) = a+ a(x), f,(x) =b+ gx), 1e a(x) 1 S(x)— HECKIHUEHHO MaJi MPU
X —> X, (3a Teopemoio mMpo 3B’ 30K MDK (YHKINE0, 1i TPAaHUICI0 Ta HECKIHYCHHO
MaJjiolo).
Omxke, f(x) £ f,(x) = (@ £ b) + (a(X) = B(x)). Tyt (@ + b) — crana BenmuuuHa, a
(a(¥) £ B(x)) — HECKIHYCHHO Majia IpH X —> X, ( K anreOpaiyHa cyma HECKIHYCHHO
MaJux), TOMy

)!i_)rg(fl(x)i f,(x)=a +a, = !'jpo fl(X)i!LrDO f,(%).

[H111 TEOpEMU JOBOAATHCS AHAJIOTTYHO.

Ipuxnaa. 3HalTH I|rr21X_—X3+1.
X— X —

Po3p’sizanns. 1106 mepeBipUTH MOXKJIMBICTH BUKOPUCTAHHS TEOPEMHU TMPO
TPAaHUII0 YacTKH, TpeOa IMEPEeKOHATUCS B TOMY, IO MPH TPAaHUYHOMY 3HAYCHHI
apryMeHTy 3HaMEHHMK HE JOpiBHIOE Hymo. [lilicHo, mpu X=2 3HAMEHHUK
X-3=2-3=-1+0.

OTxe, BUKOPUCTOBYIOUM TEOPEMU MPO TpaHulll PyHKILI Ta X HACTIAKU, OJEp -
AKUMO:

H 2
x2—x+1 MMOXC-X+1)  22_54q

lim = X222 = =-3.
-2 X—3 Im;(x—B) 2-3

OTxe, KO A0 AaHOI (YHKIIIl, TPAHUILIIO AKOI TpeOa 3HAWTH MpU MPSIMYBaHHI
apryMEHTy 10 JEIKOr0 T'PaHWYHOrO 3HAYEHHS, MOXHA 3aCTOCYBaTH TEOPEMHU IPO
IpaHuili, TO OOYHMCIICHHS TPaHMII 3BOJUTHCS JO MiACTAHOBKH I[LOTO TPAHWUYHOTO
3HAYCHHS JI0 BUpa3y (QyHKIIIL.

O3HakM iCHYyBaHHS I'PaHUII
Teopema. fAxmo Qynkuii f(x), g(x), ¢(x)3aT0BOJIbHIIOTh HEPIBHOCTI

P(x) < £(x) <g(x)

limp(x) =a, limg(x) =a,
X—Xg X—Xg
TO
lim f(x) =a.

X=Xy
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Teopema (mMpo rpaHMIm0 MOHOTOHHOI (yHKHil). Axmo ¢QyHKIA f(X)
MOHOTOHHA 1 OOMexeHa mpu x < Xy abo mpu x > Xy , TO ICHY€ BUINOBYIHO i JiiBa
rpaHuLs Iim0 f (x) = f(x,—0) abo ii npaBa rpaHulls Iim0 f(x)=f(x,+0).

X—>Xy— X—>Xg+

Hacainok. O6MexeHa i MOHOTOHHA TIOCTIIMOBHICTh X, € N, Mae TpaHuIlio.
L{i Teopemu nipuitMeMo 0e3 TOBEICHHS.
ExBiBaJIeHTHI HeCKiHYeHHO MAaJTi
SKmo TpaHUI BIMHOMICHHS HECKIHYCHHO MamX «a(X) 1 AB(x) TpsAMYyeE 10
OJUHMII TPU X —> X,, TOOTO Iim%:l, To (yHkuii «(x) 1 B(x) HA3UBAKOTH

X—=>Xg

€KBIBAJIECHTHUMH HeCKiHYeHHO MAJTUMM 1 MUIIYTh a(X) ~ B(X) MPHU X —> X, .

4.3 Tlepmia Ta apyra oco0JMBi rpaHui

. sinx
Iepma yyxoBa rpaHuIs: lengT =1.
JloBeneHHsi. Po3risiHeMO KOJIO OIMHHUYHOTO pajiyca, MO3HAYMMO paTiaHHy
Mmipy kyta MOB yepe3 x (puc.4.3).

LenTpansuuii KyT ZMOA =X,

y . |AM|=sinx, |BC|=tgx. 3 pwuc.9.1 maemo
SAMOB < SceKmopaMOB < SACOB ’ TO6TO
1. 1 1 X 1
« =sinx<=X<=tgx, 1<—< abo
N 2 2 2 sinX COs X
0 sin X ) . .
COSX<——<1. Ockumka limcosx=1 i
X x—0
Iirrglzl, TO 3a O3HAKOIO ICHYBaHHS TpaHMII
X—>
w gz SINX
Puc.4.3 dynakii lim——-=1,
x—0 X
(x>0)
sinx  sin(—x . sinx
Sxmo x < 0, 10 = ( ), ne — x > 0. Takum 9uHOM, !Irgl—=l, OTXKe,
— -
X X (x<0)
. sinx
lim——=1.

x—0 X
3ayBakeHHs. Ilepmia yymoBa TpaHUIls pPO3KPUBAE HEBU3HAYEHICTH BUTJISTY

o)

L{i TBepKEHHS 3ATTUIIIAMO O€3 TOBEICHHS.
3ayBaxkeHHs. [[pyra 4dymoBa TpaHHIsI PO3KPUBAE HEBU3HAYEHICTh BUTJISTY

. 1Y : .
JIpyra 4y1oBa rpaHuIs: Ilm(1+;j =€ abo liml+x)* =e.

X—>00

).
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" . Sin3x
Hpuxaaa. 3uaity lim :
x—0 X

Po3B'si3aHHsA. BukopucToByIoun mepiiy 4yJI0oBY IPaHUIIO, MATUMEMO
sinBX_[OJ 3sin3x sin3x

lim =| = |=Ilim =3lim =3-1=3.

x>0 X 0 x—>0  3X x—0 3X
Lelt npukaaa MOKHA po3B’sa3atu 1ie 1 Tak. IIpu X — 0 sin3x ~ 3x, Tomy
. sin3x 3X
Im

=lim—=1im3=3.
Xx—0 X x—>0 X Xx—0

X+1

Ipuxnan. 3HalTH lim 3x—47°
x>\ X+ 2

Po3B’si3anns. [Ipu X — oo omepxyemMo HeBU3Ha4YEHICTH (1°) . To1i BUKOHYIOUH

HEOOXiHI MEPETBOPEHHSI 1 BUKOPUCTOBYIOUM (POopMylly Apyroi 4yAOBOi TpaHMILIL
OTPUMAEMO:

X+1

x 1 x
tim( X2 ° — @) =tim( 14 X2 g Spim[14 X220
xom\ 3X+2 xon\ - 3X+2 X0 3X+2

-6 x+1
x+1 3x+2 3X+2'T

-6 3 -6 6 2(x+D)
=lim| 1+ =lim| | 1+ =lime 32 =
X—>00 3x+2 X—>00 3x+2 X—0

. 2(x+1) 2
—lim 3x2 -
= @ x> = e 3

4.4 HenepepBHicTb pyHkuii. OCHOBHI TeopeMH NP0 HenepepBHi PyHKIIL

Hexait pynkiis y = f(x) BU3HaUeHA B TOUIl X, 1Y ASSIKOMY ii OKOJII.
O3navenns. OyHkiis Y= f(X) Ha3MBAae€TbCS HeNMEpPepPBHO B TOYlI X,

SKIIO ICHY€ TpaHuIls 11i€1 QyHKIIIi B 111if TOYIIl 1 BOHA JOPIBHIOE 3HAYEHHIO (PYHKIII B
i TOYIIl, TOOTO

lim f(x) = f(x,). (4.1)
X—>Xg
Ile o3HaueHHS PIBHOCUJILHE TAKOMY: (DYHKILISI y = f(X) HA3UBAETHCS
HeINePepPBHOIKO B TOYMLI X, , SKILO
limAy=0,

AX—0
€ AX=X—X, - MIPUPICT APryMeHTY;
Ay = f(x)— f(X,) (a6o Ay = f(X,+Ax)— f(X,)) — npupicT pyHKUii B TOUwi X,
Ockuibku XILHQO X =Xy, TO pIBHICTb (5.1) MOKHa 3anKcaTH y BUTIISIII
Xﬂxrglo f(x) = Xﬂxron_0 f(x)= f(x,), 4.2)
Lle o3Hauae, 110 Npu BU3HAYEHI IPaHUIb HETEpEpBHOT PyHKIII 3HAK (QYHKIII 1
3HaK TPaHMIIl MOKHA 3aMIHIOBAaTH OJIMH Ha OTHU.

sinx . sinx
lim=——

Hampukiag, lime * =e~ * =e,
x—0
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Axwmo ¢yskuis y= f(X) HemepepBHa y KOXHIM Toull IHTEepBaTy (a;b), To il
Ha3MBalOTh HeNepPePBHOIO B iHTEpBaJIi (a;h).
Axmo ¢ysukuis y= f(X) HenmepepBHa y KOXHINA Toulll iHTepBany (a;b)1 B

TOUIll X=a BOHA HEMepepBHa CIpaBa (Iim f(x)= f(a)), a B To4ylli X=Db BOHa
x—a+0

HEernepepBHa 3J1iBa ( Ii[)n0 f(x)= f(b)), TO il Ha3WBAaIOTh HEMEPEPBHOI0 HA BIIPi3KY
Xx—>b—

[a;b].

Cnmin mam’sTaTd, MO BCl1 eJleMeHTapH1 (YHKII HemepepBHI B oOsacTi iX
BU3HAYCHHSI.

Touku, B SIKMX MOPYLIYETbCS yMOBAa HENEPEPBHOCTI, HA3UBAIOTh TOYKAMH
po3puBy ¢yHkuii. Touku po3puBy MOXKYTh HaJeXaTH 00JacTi BU3HAUYECHHSA a0o
nepedyBaTn Ha TPaHUIIl i€l 00JIacTI.

VYci Touku po3puBYy (YHKI MOJAUIAIOTH HA TOYKH PO3PHBY MEPIIOTO Ta
JAPYroro poay.

Touka X, Ha3UBAETHCS TOYKOK PO3PUBY Nepmoro poay ¢ynxuii f(X), Ko
B LI TOYLl ICHYIOTh CKIHYEHHI1 TpaHull (QYHKLI cropaBa Ta 3iBa, TOOTO

Iim f(x)=A, 1 Xﬂrx?io f(3 =A ,. IIpu npomy:

X—>Xy+0

1) sikio A, =A,, TO TOUKa X, HA3UBAETHCS TOYKOK YCYBHOI'O PO3PHUBY;
2) akuio A, #A,, TO TOYKa X, HA3UBAETHCA TOYKOK CKIHYEHHOTO PO3PHUBY.

Bemmunny ‘Al - AZ‘ HA3UBAIOTh CTPUOKOM (PYHKIII B TOYLi PO3PHUBY.

Touka X, Ha3WMBAETHCS TOYKOI PO3ZPUBY APYroro poay, SKIO B I TOYII
Xouya O ogHa 3 TpaHUIlp Iimof(x) abo Iimof(x) HE ICHye abo JOpIBHIOE
X—>Xp+ X—>Xy—

HECKIHYEHHOCTI.
1

Mpukaaa. Jocmigury QyHKIO y=2¥ Ha HENEPEPBHICTL y TOYKaX X=3 i
x=0.
Po3B'sizanHsi. 3a o3HaueHHAM (QYHKIUS HEMepepBHA B TOYIN X,, SKIIO
f(x,—0)= f(x,+0) = f(x,). [lepeBipuMO BUKOHAHHS I1i€] YMOBH B JaHUX TOYKaX.
IIpu x=3 Maemo
y(3) = 2 _ 43

1 1 1 1 1

1 1 1 1 1 1
lim y= lim 2x =230 =23 =3/2,  lim y= lim 2x =230 =23 =3/2,

x—3+0 x—>3+0 x—>3-0 x—>3-0

YMoBa HEnepepBHOCTI MPU X =3 BHUKOHYETHCS, OTXKE, B I TOYIl (DYHKIIIS
HENepepBHA.

[IpoBeneMo aHamOTI9HI JOCTKEHHS TIpU X — 0

1
y(0) = 2° He icHYE,
i1 1 1 2
limy=Ilim2x =290 =2" =400; limy=Ilim2x=270=2"= == -0
Xx—>+0 Xx—>+0 x—>—0 x—>—0 2+ 400

YmoBa HenepepBHocTi pu X=0 HE BHUKOHYEThCSA, OTXKe, B Todlli X=0
(GyHKIIS1 pO3pUBHA (Ma€ HECKIHYEHHUI PO3PUB).
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BaacmuBocTi HenmepepBHUX (PYHKIIH

bimpmicTe TeopeM mpo HemepepBHI (YHKIN BHIUIMBAIOTH 13 BIATOBITHUX
TeopeM Tpo rpanuill. HaBemgemo aesiki Teopemu 0€3 T0BEICHHS.

Teopema. Cyma, pi3HMIISI, T0OYTOK 1 YacTKa JBOX HeENEpepBHUX (DYHKIIA €
(YHKITIEI0 HEMEPEepPBHOIO (I YaCTKH 3a BUHATKOM THX 3Ha4€Hb apryMeEHTy, IS
KX 3HAMCHHHK JOPIBHIOE HYIIIO).

Teopema (Beiiepmrpaca). Skiio ¢yHKIls HenmepepBHa Ha BiAPI3KY, TO BOHA
J0CSATa€ Ha IIbOMY BIIPI3KY CBOTO HaHOUTHIIIOTO Ta HAWMEHIIIOTO 3HAYCHHSL.

Hacnimoxk. Skmo dyHKIis HemepepBHA Ha
BiIpi3ky [a;b], To BoHa oOMexeHa Ha
IIbOMY BUIPI3KY.

OyHkIis, sKa 300paxkeHa Ha
puc.4.4 , HemepepBHAa Ha BIIPBKY
[a;b], mnpuiimae cBoe HaibUIbIIE

3Ha4YeHHS M y TOdUIll X;, @ HAWMEHIIIE m —

y Toumi X, Jma Oyap —  sKoro

x e[a;b] mae micne HepiBHICTH a XX b
m< f(xX) <M. Puc.4.4

Teopema. Skmo  QyHKUs
y = f(X) HellepepBHA HA  BIAPBKY
[a;b] 1 Ha #oro KiHIIX npUMaE
3HAUYCHHS PIBHUX 3HAKIB, TO MK TOUKAMHU

a 1 6 3HaWAeTbcs Xoda O OJHAa TOYKa
x=c Taka, mo f (c)=0.

[lsa Teopema nomyckae mnOpocTy
reoMeTpudHy rrocTparito (puc.4.5).

f(a)<0
Puc.4.5

InTanHus Ay camonepeBipKkH
JlaiiTe o3HaveHHs (DYyHKIIIL.
Ha3Bith 0CHOBHI BJIacTHBOCTI (PyHKITIi.
[Ilo Ha3zuBaeThCs 001aCTIO BU3HAYEHHS (PyHKIIII?
SK1 BeMTMYMHU HA3UBAIOTh HECKIHUEHHO MAJIMMHU 1 HECKIHYEHHO BEJTUKUMMU?
[Ilo Ha3WBaEeTHCS TpaHAIICIO QYHKITH Y TOYII Xo?
JlaiiTe 03HaYEHHS O THOCTOPOHHIX TPaHUIlh (QYHKITII.
Ska QyHKIIS HA3UBAETHCS HENEPEPBHOIO B TOYII?
Ska Touka Ha3MBAETHCS TOUYKOKO PO3PUBY (DYHKITIT ?
JaiiTe knacudikaiiro ToO9oK po3puBy GpyHKIiH. HaBeniTe mpukiaam.

OO N OIS WN -
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JIEKHLIA 5
5.1 IoximHa Gyukiii. ['eoMmeTpudHMIA Ta MEXaHIYHAM 3MICT MOXITHOT
5.2 TlpaBuna nudepeHiiiroBaHHs (PYHKILii
5.3 Tabymig moXigHUX
5.4 TloximHa 0OepHEHO1, HEIBHO1, TapaMETPUYHO 3a4aH0i (DYHKITI
5.5 Jludepenmian GyHKITii

5.1 Moxinna ¢gynkuii. 'eomeTpyHUIl TA MeXaHIYHMI 3MICT MOXiTHOT

[ToHATTS TMOXiAHOT € OJHMM 13 OCHOBHHX MaTeMaTHMYHHX IMOHATH. [loximHy
IIMPOKO BHUKOPUCTOBYIOTH MPH PO3B’SA3aHHI IHXKEHEPHUX 3a/ay, OCOOJMBO MpU
BHUBUYEHHI IIBUJKOCTI PI3HUX MPOLIECIB.

3agayi, iKi NPU3BOASTH 10 MOHATTA MOXITHOT

1. 3agaya mpo MuTTeBY mBMAKICTb. Hexail marepiajgbHa TOYKa pyXaeThCs
HEpIBHOMIPHO B3JIOBX JesAKOi npsAmoi. BizbMemo skuii-HeOynb MOMEHT uacy t 1
PO3MJIIHEMO MPOMDKOK 4yacy At ( OpHpICT yacy) Bl MOMEHTY 1, 40 MOMEHTY
t = t,+At. Uepe3s AS mo3HauMMo LUIAX, SKHA MPOWIUIAa TOYKA 33 MPOMDKOK Yacy

At, TOOTO AS = S(t + At) — s(t). Llel nuisx 3aexursb BT At .
. AS .
BinHomieHus g € CEPEAHROI0 MBHIKICTIO PYXY TOUKH 33 HaC At.

['panuns cepenHbOl MIBUAKOCTI PYXY , AKIIO MPOMDKOK 4acy At MpsMye JI0
HyJsl € MUTTEBOK IBHAKiCTIO pyxy. [lo3zHaummo w0 mBHIKICTE uepe3 V 1
OTPUMAEMO

V = 1im 23 460 v = 1im S FAD =S
At—0 At At—0 At
2. 3agaya npo noTuyHy. BbMmeMo Ha neskiii HemepepBHIM KpuBid L aBi
touku M 1 M, Ilpamy, ska TpOXOAWUTh Yepe3 Il TOYKH HA3UBAIOTH CiUHOI0
(puc.10.1).
N Hexait Touka AM; HaOmMDKAETBCSA IO
y - TOYKHA M, pyXar4duch Y370BXK KPHUBOI
y=1(x) T L. Toni KO)KHOMY TOJIOKEHHIO TOYKH
/ M, BIAIIOBIZaTHMME CBOS CIYHA, SKa
npsMye 70 JACSIKOTO T'PaHUIHOTO
noJyioxxeHHst MT.
Ay

— ” Ax JIOTHYHOIO 10 KPUBOI B JaHiil TOYILi
:/; % X M Ha3¥BaIOTh T'PAHWYHE IIOJIOKCHHS

v

ol

X+ AX MT ciaHoi MM, skmo Touka M,

0
/ MPSIMY€ 10 TOYKA M.
Puc.5.1

Posrmssaemo dynkmito y = f (x), rpadikom sikoi € mHig L. 3Haiimemo ii
KyTOBUM KOoedilieHT K =tger y Todlll M, 1€ « — KyT JAOTUYHOI 10 JOJATHOTO
HanpsiMmy oci Ox. Tlo3Haummo yepe3 ¢ — KyT MK ciuHOO MM, 1 momaTHuUM
HanpsiMoM oci Ox. 3 puc. 6.1 BUIHO, 10 KyTOBUH KOS(IIIEHT CIIHOT JOPIBHIOE
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Ay F(x+Ax)— f(X)
AX AX '
[Ipy Ax — OB cuily HenepepBHOCTI (QYHKII HpUpiCT QyHKUI Ay TaKOX

kciu = tg¢ =

npsIMye 10 HyJsl; TOMYy Touka M; TpsiMye 10 TOUKU M, KyT ¢ — JI0 KyTa o , a CluHa
MM, nepexoauTh 10 70TUYHO1. ToOTO AIim0 tgp =tgor .
X—>

OTxe, KyToBUM KOEPIIEHT TOTUYHOI JOPIBHIOE
k —tge = lim &Y _ |im SXEA0 =109
Ax—0 AX Ax—>0 AX

['panumy, iK1 OTpUMaH1 IPU PO3B’ 3aHHI 337a4, MalOTh OJHAKOBUHN BUTJIAM, 10
SAKOTO TPV3BOJATH pillieHHS 1 OarathoxX HIMX 3amad. [0 rpaHuIo Ha3WBarOTh
MMOXITHOTO.

Osnavennsi. [loxinnow ¢yHkuii y = f (x) y TOUlll Xy HA3UBAIOTh TPAHMIIIO
BITHOILIEHHS] PUPOCTY (PYHKIII A0 MPUPOCTY apTyMEHTY, SIKIIO MPUPICT apTyMEHTY
npsIMY€E A0 HYJIS (SIKILO TPaHULS ICHYE).

[Moxigny pyHkii f (x) NO3HAYAOTh OJHUM 13 CUMBOJIB: f'(X), Vy’, % :
X
OT1xe, 32 03HAUCHHAM
y' = lim f(X+Ax)— T (X) _lim AT (X) .

Ax—>0 AX Ax—0  AX

Oyukniss y = f (x), AKa Ma€ NOXIIHY B KOXHIA Toull iHTEpBaly (a;b),
Ha3WBa€ThCcd AU(epeHIliiOBaHOI0 B LBLOMY iHTepBaJi; omepailis BU3HAYCHHS
MOXITHOT Ha3UBAETHCS AU (PepeHiI0 BAHHSM .

3HayeHHs mMOXiMHOI QYHKIIT y= f(X)y Toullli X=Xy  IO3HAYAETHCS

/(%) a00 y'(x,).

Takum uuHOM, moxinHa QyHKLOlT S = S(t) y Toull t JOPIBHIOE MHTTEBIN
MIBUAKOCTI PyXy MarepiaibHOI TOYKM B MOMEHT dYacy t (MexaHiuHmii 3micT
NMOXiHOT); 3HAa4YEHHS TMOXIMHOI B TOYIl X YHCEIHLHO JOPIBHIOE KYTOBOMY
KoehIlliEHTY JOTHYHOI, sIKa MPOBEAEHA 10 KPUBOi B Toulll X (reoMeTPpHYHHIA 3MicT
MOXiTHOY).

3B’A30K MK HenepepBHICTIO i A epeHniiioBaHICTIO

Teopema. fxmo ¢ysakis audepeHiiiioBaHa B JEAKid TOdIl, TO BOHA
HernepepBHa B HIl.

HoBenennsi. Hexait pynkmist y= f(x) maudepeHmiiioBana B ACIKIA TOYI X,

. . Ay , . ,
TOOTO ICHY€ rpaHuls Alm) v f'(x). 3Bimcu 3a TeopeMoro Npo 3B 30K (QYHKIIl, 1i
IpaHMIll 1 HECKIHIYEHHO MaJioi , MAaEMO %: f'(X)+a, 16 a—>0 nmpu Ax—0, To6TO
Ay = T'(X)AX+a - AX.

Sxmo nepelty 10 TpaHuIli npu AX —0, TO OTpHMaEMO AIQTOAy=0. A e i1
o3Havae, 1o ¢yHKIs y = f(X) HemepepBHA B TOYUIII X.

3ayBaxkeHHs. OOepHEHE TBEPIKEHHS Y 3arailbHOMy BHIIIKy  HEBIpHE:
HernepepBHa (DYHKIS MOKE HE MaTH MOXITHOI.
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[pukmagom Takoi GyHKII € QyHKITIS

vy 1 y:|X|:{X,}ZKWO x>0,
=X, sxuwo x < 0.
y=[ Ha pucynky 5.2 300paxena ¢yHKI[S, sSiKa
HernepepBHa B Toull x = 0, ane He €
0 . nu(pepeHIIHOBaHOO B LI TOYILII.

Puc.5.2

Sxmo ¢yskuis y = f(x) Mae HenepepBHY NoxinHy Yy’ = f'(X) y AeskoMy iHTepBaii
(a;b), TO PpyHKIIIA HA3UBAETHCS IJIAIKOK0 HA ILOMY IHTepBaJIi.

5.2 IlpaBuaa qudepenuiroBaHHs PyHKIIT

3Hax0KEeHHS MOX{THOT (QYHKIII 332 03HAYEHHSIM YacTO MPU3BOAMTH JI0 PI3HUX
TpyaHounB. Ha npaktuii QyHKii qudepeHIiroTs 3a J0MOMOrOr HU3KU IpaBuil Ta
dopmyn. ChopMymoeMo 111 IpaBuIIa 1 TOBEIEMO €Ki 3 HUX.
Hexait ¢pynkmii u=u(x), v=v(x) - aBi nudepeHniioBani B HTepBam (a;b)
GbyHKITII.
e Iloxinna cymu (piznmui). [loxigna cymu (piBHHULI) ABOX (PYHKIIIA TOPIBHIOE
cyMmi (pI3HUIIL) MOXITHUX IUX (QPYHKIIIH:
(utv) =u+Vv. (5.1)
e Iloxinna n00yrky. IloxigHa n0OYyTKYy ABOX (YHKULIM IOpIBHIOE TOOYTKY
noxigHoi nepioi GyHKIil Ha APYTy (QYHKIIIO MIHOC 100YTOK Mepiioi (HyHKIIi
Ha TOXIAHY APpyToi (PyHKIIII:
(u-v)'=u"-v+u-v (5.2)
JloBenennsi. Hexait y=u-v. Toxi
Ay lim u(Xx+ Ax) - v(X + Ax) —u(x) - v(x) _

y' =Ilim—=
AXx—0 AX  Ax—0 AX
lim (U(X) +Au) - (v(x) +Av) —u(x)-v(x) _
Ax—0 AX
_lim u(x)-v(x)+u(x)-Av+v(x)-Au+Au-Av —u(x) - v(x) _
Ax—0 AX
Au Av Au
I|m (v(x) EJFU(X) E+A ij_

Au Av Au
v(X)- I|m—+u(x) I|m—+I|mAv lim—=
-0 AX x—>0 AX Ax—> Ax—0 AX

u-v+u-v+0-u'=u"-v+u-v,
TOOTO
(U-v)'=u"-v+u-v', mo 1peda Oy0 TOBECTH.

o Iloxinna w4actkm. IloximHa dacTku ABOX GYHKINA JOpPIBHIOE Jpo0y,
YUCEIbHUK SIKOTO € PIBHUIECI0 MDK JOOYTKOM TMOXIIHOI YHCEIbHUKAa Ha
3HAMEHHUK 1 JOOYTKOM TOXiTHOT 3HAMEHHHUKA Ha YHCEIhHUK, a 3HAMEHHUK
npoOy € KBaapaToM 3HaMEHHUKA (DYHKIIII ;
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(E)':u’-v—zu-v'. (5.3)

v v
Hacminkmn.
a) (c-u)' =c-u;
u 1,
JoE
o Iloxigna ckaagnoi ¢ynkmii. Hexaii y=f(u) 1 u=¢(x), Tom QyHKIis
y=f(p(x)) — cximagHa QyHKIS 3 TMPOMDKHUM apTyMEHTOM U 1 HE3aJISKHUM

apTYMEHTOM X.

Axmo ¢yHKIIA U=¢@(X) Mae NOXIIHY U, B Toull X, a ¢pyHKUia y= f(u) mae
NOXIIHY Y, Yy BUINOBIOHIMA Toulll U=¢(X), To ckiaaaHa ¢yHKUs Y= f(p(x)) mae
MOXiAHY Y. B TOYIII X, SIKA BU3HAYAETHCA 32 (POPMYIIOI0

Yo = Yo Uy (5.4)
Ay :
JloBeeHHsA. 3a yMOBOIO AllmoA—— Y., 3BIIKH , 3@ TEOPEMOIO TPO 3B’SI30K
u—>! u
. . .. Ay ,
¢byHkuii, 1 rpaHUIl 1 HECKIHYEHHO Maloi , MAaeMO N Y, +a abo
u

Ay=y' -Au+a-Au, ne ¢ —>0 npu Au—0.

. . . . Au
OyHKII U = @(X) Ma€ NOXIAHY B TOYLll X! AIlmoA— =Uu,, TOMYy
X X

Au=u,-AX+f3-AX, ne f—0 mpu AX—O0.
Otxe,
Ay =y -(u,-AX+ [-AX)+a- (U, - AX+ S AX) ,
TOOTO
Ay =Y U -AX+Y, - f-AX+U -a-AX+a- [-AX.
[logimumMo oTpuMaHy pIBHICTH Ha AX 1 mepedjeMo 0 TpaHulll npu Ax —0,
OTPUMAEMO Y, =Y, -U., IO Tpeda OyJI0 TOBECTH.
3ayBaxeHHs. lle mpaBuo 3alMIAETHCS CHPABEIJIMBUM, SKIIO MPOMDKHHX
apTYMEHTIB JCKUIbKA.
5.3 Tadmus noxXiTHux
dopMyu OXITHUX OCHOBHHX €lIEMEHTApHUX (DYHKI[IH 3armuIieMo B TaOJIHITIO.
Ha mpakTtumi dacrime 3a Bce BU3HAYAIOTh MOXITHI CKIAAHUX (QYHKI[1H, TOMY B
HaBEIEHIl HIbKYE TAOIUIlI 3aMIHUMO apryMeHT “X’ Ha IPOMDKHHE apTyMeEHT, ae u(x)
— nudepeniiioBana QyHKIIS.

L () =o0; 7. (tguy =

!

u

cos*u’
u’ u’
2. (U) =a-u“t-u’; 30kpema, (Vu) = ; 8. (ctgu) =—— ;
) P W) 2Ju (ctou) sin“u
3. (@")=a"-Ina-u’"; 30kpema, (") =e"-u’; 9. (arcsinu)' = =,
1-u
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!’ ! !

4, (log,u) = ; 30Kpema, (In u)’=u—; 10. (arccosu)' =-—
u-lna u 1—u?
5. (sinu) =cosu-u’; 11. (arctgu)’ = ! =,
1+u
6. (cosu) =-sinu-u’; 12. (arcctgu)’ =— u -
1+u
IHpukaan. 3HaliTH TOXIIHI B (QyHKII:
7x° -3
a) y=0Bx*=7)-Insin3x; 6) y= perant

Po3B’si3anns.
a) y'=((3x*~7)-Insin2) '=(3x*~7) "Insin2 x43 x*7) (Insin2 X '=

2
- ~cost-2=6x-Insin2x+2(3X _7) COSZX.
sin 2X sin 2X

5y 7% -3) 75X e —(7x -3)-€*2 " (35 14 ¥ +6)
e2x (eZX)2 e4x *

3-2x-Insin2x+(3x* =7)-

5.4 IloxinHa o0epHeHOI, HeSIBHOI, IapaMeTPUYHO 3a1aH01 QyHKILII

IHoxinHa o0epHeHOT QPyHKIILIIL.

Axo ¢yskiis Yy = f(X) 3a10B0JIbHSIE YMOBI iCHYBaHHSI 0OEpHEHOI (PYHKIII 1B
Toulll X < (a;b)Mae CKIHUEHHY 1 BIAMIHHY BiI HyJs MNOXIAHY, TOJ1I oOepHEHa
byHKIA X = f 1 (y) TaKoX Ma€ MOXIIHY Y BIIMOBIIHI Touil y = f (x) . [ToximH1
B3aEMHO 00epHEeHUX (DYHKIIIM 3B’s13aH1 PIBHICTIO

_ , 1 , 1
(f 1(y))y=F abo X, =—. (5.5)

x
HoxinHa QpyHKuii, 3axaH01 y napamMeTpu4Hii ¢opmi.

x=o(t),
y =y (1),
— HemepepBHI 1 audepeHIiiioBadi, komn mapamerp t e («; B) . Hexait ynkmis
X=X(t) mae obOepHeHy t=t(X), ska Takox audepeHiiiioBaHa (1Ie¢ O3HaJae, MO y
nesKiid Touti t, e («; B) noxigHa X # 0), Toxi

y, =t (5.6)

!

X
IoxinHa HesiBHO 3a1aH01 pyHKuIil. ko QyHKUA 3a7aHa PIBHAHHAM
F(x;y)=0, TO mii1 BH3HaueHHS TOXIMHOI B ) MO X  HEOOXITHO: PO
nudepenuroary piBHsIHHA F(X;y)=0 mo x, BBakawouu, Mo y € QYHKIIEO Bi X;
OTpUMaHEe PIBHAHHS CJIi] PO3B’ S3aTH BIIHOCHO Y'.
[logamo popMysim MOXITHUX €JIEMEHTapHUX (PYHKIIA 1 BUOIPKOBO JOBEIEMO
JesIKl 3 HUX.

Ioxigna creneHeBoi PyHKii: (X*) =a-X*7;
IMoxinna noka3HukoBoi PpyHkKmii: (a*)'=a"-Ina, (a>0, a=1l);

Hexaii ¢pyHKIIiI0 3a1aHO Y TapaMeTpUIHOMY BUTJISIII: { e o(t) 1 w(t)
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JoBenennsi. Criouarky noseneMo gopmyiny noxigHoi ¢yHkuii y=e*. J{amo
apryMEHTy X TPHUPICT AX, TOJI MPUPICT PyHKILT Ay =e*> —e* =e*(e™ -1).
ToOTo,
Ay _e'(e™-))
AX AX
3BIIKHA
Ay el L eMel
lim—=Ilime"- =e*-lim =
MAXx—0 AX  Ax—0 AX =0 AX
‘ AX

=e*. lim==¢"-1=¢".
AanAX

e —1~ AX

Ax—0

Takum ynHOM, () =€".
Tenep posrmsnemo ¢yHkniro y=a*. Ockimbku a* =€, 10 3a npaBuIoOM
nudepeHIIFoBaHHS CKJIQIHOI (PYHKIII, OTPUMAEMO:
(aX)I — (exlna)r — exlnx . (X' In a)r — exlna . In a= ax . In a.

Takum ynHOM, (a2*)' =a”*-Ina.
IoxinHa morapudgmiunoi pynkmii: (log, x) = ha’ (a>0, a=1);

HoBenennst. @Dyukmii y=log,x 1 X=a’ B3aemMHO oOepHeHi , Tomi 3a
MpaBWIOM TU(EPEHITIIOBAHHS CKIIATHOT (PyHKITI

y,==| a’ %0 |-
Xy

=| @) =a’-Ina |=

1
@)

=‘ay = /%% =x‘: L
x-Ina

~a’-lna
1
x-Ina’
IoxiaHi TPUroHOMEeTPUYHHUX (PYHKLIIN:
(sinx)"=cosx; (cosx) =sinx;
; (ctgx)’ =—

(th)' = 2 ’ -2 1
COS” X sin” x
IHoxinHi 00epHEHNX TPUTOHOMETPUYHUX (PYHKITIH:

Otxe, (log, x)' =

(arcsinx)’ =

: (arccosx)' =—

1 1
J1-x? 1—x%

(arctgx)’ = ! -, (arcctgx)’ =—
1+x

5.5 ludepenuian ¢pyHkuii

y . . . Ay, .

Hexait ¢ynkimis y= f(X) mae B ToduIl x MOXigHY AllmoA—i: f'(x)=0. Toxi, 3a

TEOPEMOI0 Mpo 3B’sBOK (PyHKI, i TrpaHUIl 1 HECKIHYEHHO Majloi, MaeMO
Ay

E_f'(x)+a, a—0 mpu AXx—0, abo Ay = f'(x)-AX+a-AX.
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Takum uwuHOM, TpupicT (YyHKLII Ay sBiIss€ COOOK CyMy JBOX JOJIaHKIB
f'(X):AX 1 @-AX, 4Kl € HECKIHYEHHO MaluMu 0pu Ax—>0, npuaomy
. F'(x)-Ax o, . aAX . . ,
Aliﬂ%z f'(x)=0, a AI>I<TO ~ :Alimoazo. Tomy nepumii A0JaHOK f'(X)-Ax

Ha3MBalOTh T0JIOBHOK) YACTHHOIO MPUPOCTY PyHKIIT Ay .

O3navennsi. Iudepenuianom ynkuii y=f(x) y Touli x Ha3MBAETbCA
roJIOBHa YacTWHA ii mpupocTy (JIHIAHA BITHOCHO AX) , SKa JOPIBHIOE JTOOYTKY
noxinHoi (QyHKINi Ha MPUPICT ii apryMeHTy 1 mo3HavaeTscs dy (ado df (X)):

dy = f'(X)-Ax. (5.7)

Hudepeniian dy Ha3uBarOTh AU¢)e peHIia oM MePIIOTo MOPSIAKY.

Axkmo y=x,10 dy=dx=Ax.Tomy

dy = f'(x)-dx.

Mpukaan. 3uaiitu audepeHmian GyHkiii y = x*-57.

Po3p’sizanns. dy =(x*-5) -dx = (2x-5" +x*-7-5In5) - dx.

3B’A30K Mik AMdepeHIHOBAHICTIO (PYHKILII TA iCHYBAHHSAM il MOXIAHOL

Hins Ttoro, mo6 ¢yskmiss Oyna audepeHiiioBaHa B TOUIl, HEOOXITHO 1
JOCTaTHHO, 100 BOHA Majia B ITI TOYII CKIHYCHHY MOXITHY.

IIpaBuiia oouncaeHHs audepeHuiaiB

[IpaBuna oOuMcieHHA AUQPEPEHLIATIB JIETKO OTPUMATH, BUKOPUCTOBYIOUU
3B’s30K MK AudepeHiraioM i moxigHoi Gynkiii (dy =y'-dx ) Ta BiIHOBiIHI MpaBuia
00YHMCIEHHS TOXITHUX.

HudepeHniian cymu, pBHUIl, AOOYTKY 1 YacTKH JBOX U epeHIHOBaHNX
GyHKITH BU3HAYAETHCA 3a (GOPMYJIaMU:

d(utv)=du=+dv;
d(u-v)=du-v+u-dv;

d(gj: du-v—zu-dv (v20)

v v
JloBenennsi. JloBenemo, Hampukian, apyry ¢opmyiay. 3a O3HAYEHHSM
nudepeHItiaza MaEMO:
du-v)=@Uu-v)-dx=(U"-v+u-v)-dx=u'dx-v+u-v'dx=du-v+u-dv.
InBapianTHicTh MM epeHiana
Hexait y=f(u) 1 u=u(x) — audepeHuiioBani GyHKIilii apryMeHTiB u# 1 X,
K1 YTBOPIOIOTh CKJIaJHy QyHKLIO Y= f(u(x)). 3a TEOpEMOIO MPO MOXITHY CKIAJIHOI
(GYHKIl BUKOHYETBCSI PIBHICTD
y'= YU
[ToMHOXXMMO OOWIBI YacTWHU pPIBHOCTI Ha OX, oTpumaemo y'dx=y. -u.dx.
Ockutbku  y'dx=dy 1 u,dx=du B IPHUMYIIEHHI, 0 X — HE3aJIe)KHA 3MIHHA, OCTAHHIO
PIBHICTh MO’KHA 3aIHCaTH TaK:
dy =y, -du.
[lopiBHIOIOUM (opmymu dy=y,-dx 1 dy=y -du, poOUMO BHCHOBOK, IO
nepumii  audepeHmian QyHkuii  y= f(x) BHU3HAYAETHCS OJHIEID 1 TOI CaMOIO
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GbopMyIOI0 HE3ATeKHO BiI TOTO, UM € 11 apTyMEHT HE3AISKHOI 3MIHHOKI abo €
(GYHKITIEIO HIIOT 3MIHHOT.

s BracTUBICTh nuUQEpeHITiaia HA3UBAETHCS IHBAPIAHTHICTIO (HE3MiHHICTIO)
(¢opmu neporo 1udepenuiaia.

IuTaHHA 115 caMonepeBipKu

1 IlIlo Ha3uBaeThCs MOXIAHOO (PYHKITIi?

2 Y yomy nojsirae p3UYHUIN Ta TEOMETPUIHUMI 3MICT TOXITHOI?

3 Cdopmymoiite mpaBuia qudepeHIIFOBaHHS.

4  3aruuirs TaOJIUIIO TTOXITHUX

5 3a sgxumu GdopMynaMH 3HAXOJATh TMOXiAHY OOEpHOI, HEIBHOI Ta
napaMeTpUyHO 331aH01 (YHKIII?

6 Jlaiite o3HaueHHS nudepeHIiiany QyHKITIi.

7 'Y yoMy moJisirae 3B’ 30K MBK Ju(EpeHIIHOBAHICTIO (PYHKILIT Ta ICHYBaHHSM i1
MOXITHOT.

8 3anumiTe npaBuia 00YMCIEHHS qU(EpEHITATIB.

JIEKHISA 6
6.1 IloxigHi Ta qudepeHIIiaTy BULMX MOPSIKIB.
6.2 JlotnuHa, HOpMaib KpuBoi. Jludepeniian 1yru Ta KpUBHHA KPUBOI.

6.1 HoxinHi Ta Au¢epeHiagTn BUIMX NOPAAKIB.

IoxigHi BUIIMX MOPAAKIB

Hexait pynkuis y= f(x) nudepenmiioBana y npoMbkky (a;b). [loxigna 1riei
¢bynkuii f'(x) € dynkuiero aprymenty x. Skmo ¢ynkuis f'(x) audepenmiiioBana, To
il MOXIIHA HA3UBAETHCS MOXIAHOK APYroro mopsiaky 1 no3zHadaerscs f'(x) ( abo

, d?y d(dy

y', —2 —(—j ) Taxkum unHOM, Y =(Y')'.
dx

dx®> " dx
[loxinHa Big MOXITHOI JPYroro MHOPSAKY, SIKIIO BOHA ICHYE, HAa3WBAETHCS
) _ , d’y d(d%
MOXiTHOK TPeThOI0 MOPAAKY 1 no3Havyaetbest f"(x) (abo Yy, el &(Wj )
Takum unnoM, y" =(y")'.
O3nauenns. IloxiaHoro 7 — ro mopsiaky (abo 7- OO MOXITHO) HA3UBAETHCS
noxigHa Big moxigHoi (7 — 1) — ro mopsiaky (AKIIO BOHA iCHYE).
Takum 4uHOM,
y©» ="y (6.1)
[ToximH1 TOPSAAKY, SKWAWA BHINE MEPINOr0, HA3WBAIOTh MOXIAHUMH BHIIMX
MOPSIAKIB.
Mpukaaa. 3uaiT y”, akmo y = 2e* .
Po3p’sizanng. Yy =(2e>) =2-3-¢¥=6-*, vy =(6-¢)=6-3-¢*=18-¢*;
y" =(18-¢*) =18-3.-e* =54-¢*,
Judepenniany BUIMX NOPSIAKIB

"
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Hexait maemo dyskiito y= f(x). Judepenmian miei pynkuii dy =y'(x)-dx €
byHKIiEO Bl apryMeHTy X (MHOKHHUK dX HE 3aJieXuTh Bif x). Toai MmaeMo mpaBo
TOBOPUTH Tpo AudepeHiian Big dy .

Hudepenmian Bin audepenmiana ¢GyHKIN  Ha3uBaOTh AudepeHIiaTIom
JPYroro MopsiAKy ado Apyrum aude peHmiaaioM i mo3HadaroTh 4epe3 d’y :

d*y =d(dy) =d(y'(x)dx) = (y'(x)dx)"dx = y"(x)(dx)".
[IpuitHATO 3aMiCTh cTeneHi qudepeniiana (dx)? mucaru dx’. TaKuM YHHOM,
d?y = y"(x)dx>.
AHaJIOTTYHO BU3HAYAIOTHCS AU(epeHItiamd 7 — ro IOPSIKY.

6.2 loruuna, HopmMaJjb KpuBoi. J(ndepeHnuian 1yru tTa KpuBMHA KPUBOL

PiBHsiHHSI 1o0THYHOT 10 Tpadika pyHKLil y = f (X) y TOUIl X=X

Sxmo Touka motuky M mae koopauHatd (Xo; Vo) (puc.10.1), To KyTOBUIA
Koe(iieHT ToTUYHOI k = f'(X,). BUKOpUCTOBYIOUM PIBHAHHS NPSMOi, SIKa MPOXOIUTH
yepe3 3aaHy TOYKy B 3aJaHoMy Hampsami y-Y,=K(x—X,), MOXHa 3amucaTu
PiBHSIHHSI IO THYHOL

Y= Yo = F(%)(x=%) (6.2)
PiBHsiHHS HOpMaJIi 10 rpagiky GpyHKuil

[lpsima, sika nepHeHAUKYIspHA AOTUYHIA Y TOYIl AOTHUKY, HAa3UBAETHCS
HOPMAJLITIO 10 KPUBOI.

OcCKUIbKHA HOpMaJTh IEPIEHANKYISIPHA JOTHYHIN, TO ii KyTOBH KOE(IIIEHT

1 1
=———=- f'(%,) %0).
o = T T iy KO (%) #0)
ToMy piBHSIHHSL HOPMAJIi Ma€ BUIJISIA
Y= Yo == (X=X,)
’ (%) ’ _ (6.3)
JAndepenmian xyru

Posrnsinemo HacTymHe nutaHHs. Hexait MU MaeMO Ha IJIOIIMHI KPUBY, 3a/1aHy
piBHsHHSM y=(X). Hexalt My(x, yo)— neska ¢ikcoBaHa Touka KpuBOi, a M(X,y) -
3MiHHA TOYKa i€l kpuBoi. [lo3Haunmo uepes S noBxkuny ayru MoM (puc.6.1).

Y M

g o .:':+A
Puc. 6.1.

[Tpu 3miH1 abcucu x Touku M TOBXKHUHA S Ayru OyJie 3MIHIOBATUCS, TOOTO S €
dyHkuisa x. 3HaIEMO TIOXIIHY S TIO X.
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Hamo x mpupicT Ax. Toxi nyra S ofepkuth IpupicT AS.

lim—

MM, _ XopJaa, o cTarac o Ayry. g toro mo6 3HaiTn 0 AX

Hexait

IVIVERS 2
TMOCTYNHMMO HACTYITHUM YHHOM, 3 AMM;Q 3HAXOUMO MM, = (&%) +(4y)",
TTOMHOKHIMO i PO3IUTMMO JiBYy 4acTHHY Ha AS’

(%?j(m>-@@+mw
S .

. . . . 2
Po3aimumo Bci 4ieHn piBHOCTI HA Ax

" &3

3HaleMOo TPaHHULIIO JIiBOT 1 paBoi yacTHH npu Ax— 0. 3 orjsiay Ha Te, 110

it MM, _ 1 lim &Y Ay _dy
MM; >0 AX iHIO Ax—0 AX dx’
OJEPKUMO
2 2 d d
(&) (3 (@)
dx dx) ago d dx (6.4).
Jlnst nudepenIiana 1yru 0JepKUMO HACTYITHUN BUPa3:
2
ds = 1+(ﬂj dx
dx (6.5)
abo

ds = \/dx? + dy? (6.6)

Bzarani, hopmyna (12.6) BipHa nwmie a1t TOro BUnaaky, ko dx=>0. Akmio

_ / 2 2
dx<0, To ds =—ydx”+dy” Tomy, y 3aranbHOMY BHMNAAKy If0 (opMyiy OUIbII

2 2
IPAaBMIILHO 3aIHCaTH TaK: [ds] = +dy”

Mu onepsxanmu Bupa3 nudepeHitiana JOBXKUHHA TyTH Ul TOTO BUMAIKY, KOJIH
KpHBa 3a7aHa piBHIHHAM y=f(x). OnHak dopmyna (12.6) 306epiraeTtbess 1 y TOMY
BUTIAJIKY, KOJIM KPUBA 3aJ/laHa TapaMETPUIHUMU PIBHSIHHSIMHU.

SIkmio kpuiBa 33jaHa MapaMeTPHUIHO:

x=(), y=y(1), To dx=0'(1)dt, dy=y'(y)dL,
1 Bupa3 (12.6) npuiimae BUrIsig

ds= [ O] +[v' O dt

IuTanHA Q19 camonepeBipKU
1 Illo Ha3MBaETHCS MOXITHOIO APYTOTO TOPSIKY?
2 lllo Ha3zuBaeThCs AUPEPEHLIATIOM APYTOTO MOPSIAKY?
3 JMlaiiTe oO3HaueHHS MJOTHYHOI Ta HOPMAa, 3alUIITh PIBHIHHSA IJs 11
3HAXOJI)KEHHSL.
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JIEKIIA 7
7.1 Teopema Poms
7.2 Teopema Jlarpanxa
7.3 IIpaBuno Jlonrrans. Po3KkpuTTs HEBU3HAYEHOCTEN

7.1 Teopema Posuist
B ocHOBI T0Ka3iB psTy BXKJIMBHX JIJIS 3aCTOCYBAaHb TEOPEM TIOKJIaICHI OCHOBHI
TeopeMu AudepeHITIATbHOTO YucieHHS — Teopemu Depma, Poms, Jlarpanxka, Ko
3okpema, 6e3nocepennpo 3 Teopemu Ko BunmBae npasusio Jlomirans.
Teopema (Posus). SAxmo dysakis f (X) 3a70BOJBHSIE YMOBaM:
1. f(x) HemepepBHa Ha Binpi3Ky [a;b];
2. f(x) nudepenuilioBana B iHtepsaii (a;b);
3. f(a) = f(b),
TOJli 3HalAeThCs X04a 6 0/1Ha TouKa C € (a;b), B skiit f'(c)=0.
Nosenennst. Ockinbku GyHkuis f(x) HermepepBHa Ha Binpi3Ky [a;b], To BoHa
JI0CsITa€ HA HhOMY CBOTO HaHOUTHIIOTO 3HAYEHHS M Ta HAMEHIIIOrO 3HAUYCHHS 71.
Slkmo M = m, To QyHKIs cTana Ha [a;b], a moxinHa ctanoi GpyHKIi JopiBHIOE
HYJI0 y Oy/b — SIKif TOY1Il BIIpI3Ka 1 TeopemMa JI0BeAeHa.
Skmo M =m, To GyHKIS gOocsTae xoua 0 0JHE 13 3HaYeHb M abo m y BHYTpIlIHIA
Toulli ¢ iHTepBaiy (a;b), ockineku f(a) = f(b).
Hexait f(c)=M ( ko f(c)=m Teopema IOBOAUTHCS aHAJIOTTIHO), TO1 JJIst
ycix X e(a;b)Bukonyerses uepiBHicTs f(C)> f(X), To6TO f(C+AX)—f(C)<O0.
3Haiigemo noxinHy f'(c):
£(c) :All[nw f(c+AA>2— f(c) .
Axmo Ax>0 (To6To AX — 0 cmpaBa Bl TOYKH X = C ), TO
f(c+Ax)— f(c)
AX

<01 Tomy f'(c)<0.

Sxmo Ax<0, To
f(c+AX) - f(C)
AX
Takum uyuboM, f'(c)=0, T06TO icHye Touka ce(ab), B sxii noxinna

>0 1 Tomy f'(c)>0.

JOPIBHIOE HYJIIO.

['eomeTpuyHO 1€ O3Ha4yae, IO ICHyE TOYKa, B fAKIA JOTHUYHA A0 Tpadika
GbyHKILi, siKa 33J0BOJIbHIE YMOBaM TeOPEMHU, TMapaienbHa ociadcIuc.

Teopema (Koumi). Sxmo dyakmii f(X) 1 ¢(X)3a70BOIBHIIOTH YMOBaM:

1. f(X) i ¢(X)HenepepBHi Ha BiTpi3Ky [&;b];
2. () 1 ¢(x) qudepenuiiiopani B inTepsani (a;b);
3. ¢'(X)#0 mst xe(a;h),
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TOJIi 3HaMAETCs X04a 6 0/1Ha TOUKA C €(a;b), Taka, [0 BUKOHYEThCS PIBHICTH
f(b)-f(a) f'(c)

pb)-p@) @)
7.2 Teopema Jlarpanxa

Teopema (JIarpan:ka). Sxmo dynakiis f (X) 3a70BOJIbHIE YMOBaM:
1. f(x) HemepepBHa Ha Binpi3Ky [a;b];
2. f(x) nudepenuiioBana B inTepBaii (a;b),
TOJi 3HalIeThCs X04a 6 0/1Ha ToUKa C €(a;b), Taka, Imo
f(b)-f(a)=f'(c)(b-a).
Josenenns. Teopemy Jlarpanka MO>KHa pO3TJIIAATH SIK YaCTUHHAN BUNIA0K
teopemu Kom. /[i#icHo, mokmamarodun ¢(X) = X, OTpUMAEMO
p(b)-p(a)=b-a, ¢'(x)=1 ¢'(c)=0.
(O-f@_f@ .00 f0)-f@
p(b)-o(@) ¢'(c) b-a
f(b)—f(a)=f'(c)(b-a).
OTtpumany dopMyiy Ha3uBaOTh (popmyJior Jlarpan:ka ado popmyJioro npo

CKiHYeHHI MPUPOCTH.
I'eomeTpuuHumii 3MicT Teopemu Jlarpanxa

y="f(x)

= f’(c), ToOTO

3a Teopemoro Ko

y“

Ha ny3i rpadika ¢yskmi, ska
| 3aJ10BOJIbHSIE yMOBam TEOPEMH,
'f(b)—f(a) 3HaiimeThcsa Touka C MiK Toukamu A i
B, B skiii notnuHa 10 rpadika GyHKITI

|
: napaseibHa XOp/l, sika 3’ €IHy€ TOUKU A
) 4 c b X iB (puc.7.1).

Puc.7.1

7.3 IlpaBuio Jlonitans. PO3KpUTTA HeBU3HAYECHOCTEMH

Teopema (IlpaBuio Jlomitans). Hexait pynkmii f(X) 1 ¢(X)3a10BOJBHSIIOTH
ymoBaM Teopemu Ko Ha jgeskomy BimpBky [a;b]i gopiBHIoOTE Hymo y
Touli0=a, To6to f(a)=¢(a)=0, Toxal, AKIIO ICHYE TPAHUIII BIIHOIICHHS MOXITHUX

f'(x) 1 ¢'(X) mpu x —a, TO ICHy€E TPaAHULIA
lim—= f(x) =1lim w
x—a ¢(x) x>a @ (X)

Lo TeopeMy npuitMmemMo 6€3 J0BEIEHHSI.

3ayBa)KECHHS.

58



1.Teopema Mae micuie 1y BUNajaKky, koimu ¢ynkuii f(x) 1 ¢(X) He BU3HAUEHI
npu x =a, ae limf(x)=0 1 limg(x)=0;
X—a X—a
2. Teopema crpaBe/jIBa 1y BUMAKY, KO X —> o0 ;
3. [IpaBwuo Jlomitans Moske OyTH 3acTOCOBaHE 1 y BUMAAKY, Koy lim f(x) =oo
i limg(x) =00 ( a TakOX MPH X — ).
X—a

[IpaBuio Jlomirass 3acTOCOBYIOTH JJISi PO3KPUTT HEBU3HAYEHOCTEH BUIIISITY

(%j 1 (gj Axmo npu oOYKCIeHH] TPaHUIh BUKOHATH BIITIOBITHI TIEPETBOPEHHS
(GYHKIIIH, TO MOKHA PO3KPUBATH HEBU3HAYEHOCTI BULY:
(0-0); (oo—oo); (OO); (ooo); (lw).
Ipukaan. 3ualTy TpaHuIll QyHKIT I
4) lim In(5+3x) (gj:"msl(msx) 3.

ol 2x 0) x50 2 10’
. e (w) . Be™ . 25e _
lim — =/ — |=lim = lim =]
X—+0 X o0 x>+ 22X Xt D
2
8) Ilmx Inx=(0-00) = Inx [ 2= 1/X3——I X——O.
x—>01/ X? 0 x—0 —2 [ X x—0 2

InTanus Ajist camonepeBipKH
1 SIxi BaM BimOMIi OCHOBHI T€OpeMU AUGEPEHITIATBHOTO YUCIICHHS ?
2 Slxuii reomeTpuaHUI ceHC Teopemu Jlarpanka?
3 VY sKHUX BUMAJKaX MOKHA 3aCTOCOBYBATHU IpaBuiio Jlomirans a1 oOuncIeHHs
HEBU3HAYEHOCTEN?

JIEKIISA 8
8.1 MOHOTOHHICTh, €EKCTPEMYMH (PYHKIII
8.2 OnyKIicTh, BTHYTICTh, TOUKHU MEPETUHY
8.3 AcumnTotu
8.4 3aranmbHa cxema noOya0BH rpadika GyHKITIH.

8.1 MOHOTOHHICTb, eKCTPeMYMHU (PYHKILIi

/loBeneMo CIovYaTKy TeopeMy Npo HeOOXiAHY yMOBY 3POCTAHHS (pyHKIIiL
Ha iHTepBaJi.

Teopema 1. fxmo nudepeniitioana ¢yukmis f (X), xe(a; b) 3pocrtae Ha
iHTepBaii (a; b), To f'(x)>0 mnsa Oynp-skoro x i3 iHTEpBaLy (a; b).

JloBeaeHHs. 3TiTHO 3 0O3HAYCHHAM 3pocTarouoi Ha (a; b) yHKIil, Ko x>,
TO [ (X)>f (%), @ AKIIO X<Xg, TO [ (X)<f (xp). OTxke, ms Oyab-saKux xg 1 x 3 (a; b),
FO)-T(%) g

X

X#Xg, CTIPABEIJINBA HEPIBHICTh
—X
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Ockimbkn f(x) mudepenniiioBana Ha (a; b), To, mepexonsyu IO TPAHUII B

OCTaHHIM HEPIBHOCTI MPH X—3X;, TICTAHEMO: f'(x):"m_f () = f (%)
X—>Xq X_XO

>0. Teopemy

TOBEIEHO.

PosrnsiHemo Temep TeopeMy Mpo HEOOXIHY YMOBY cHagaHHS (QyHKLI Ha
IHTEpBAaII.

Teopema 2. fxmo nudepenmiioBana ¢ynkiis f (x), Xe(a; b), cnamgae Ha
inTepBam (@; b), cmamae Ha iHTepBani (a; b), T0 f'(x)<0 oI OyIOb-IKOTO Xq 3
iHTepBaiy (a; b).

JNosenennst. Ockinbku ¢yHKIis f (x) cnamHa, 10 Qyskmis  F(X)=-f(X)
3pocTaroua, i ToMy, 3a TeopemMoro 1, F'(x,)=—-/"(x,)>0 nuis Oynas-skoro Xge(a; b).
3BiICH BUILIMBAE, IO f'(x,) <0 151 Oyab-IKOro Xg €(@; b). Teopemy 2 noBeneHo.

[aTepBanm, Ha sKUX QyHKIIS 3pocTae abo cragae, HA3UBAIOTHCS iIHTEepPBaJaMHu
MOHOTOHHOCTI i€l QyHKIil. 3ayBaxumo 0e3 JoBeAeHHs, Mo sAKmo (QyHkmsa [ (x)
3pocTaroya (CraaHa) Ha iHTepBaii (a; D) 1 HenepepBHa B Toukax a i b, To BoHa Oyne
3poCTaryoro (CIagHo0) 1 Ha Bipi3Ky [a; b].

[lpu noBemeHHI TeopeM MPO AOCTaTHI YMOBH MOHOTOHHOCTI (PYyHKITi
NIEPEBAXHO BUKOPUCTOBYETHCS TEOPEMA, Ky HA3UBaIOTh TeopeMoto Jlarpanxka.

JlocTaTHi yMOBM 3pPOCTAaHHA i cCIAJaAHHA (PYHKILII

Teopema 1. Sxmo ¢yHKIIS f Mae JOJATHIO MOXiAHY B KOXHIA TO4YIN
iHTepBay (a; b), To QyHKIis f 3pocTae Ha iHTEepBai (a; b).

JoBenenns. Hexaii x; i x, — 1Bi J0BUIbHI Touku iHTepBany (@; b), ski
3aJI0BOJIbHSIOTH YMOBHU X1<X,. Tomi, 3a Teopemoro Jlarpamka, iCHye Taka TOYKa
Cé(xl:'XZ) TaKa, mWo f(x,)— f(x,) = f'(c)(x, —x,).

OCKUIbKH 332 YMOBOIO TeopeMu f'(x)>0 I Xo-X;>0, TO 3 OCTaHHBOI (POPMYJIH
BUIUIUBAE, IO f (Xp)>f (x1). OcTaHHE, 3TiAHO 3 O3HAYEHHSAM 3POCTaI0uO0l (DYHKIII,
o3Hayae, mo QYHKIIS f 3pocTae Ha iHTepBati (a; b). Teopemy noBeacHO.

AHAJIOTIYHO JTOBOJATH 1 HACTYITHY TEOPEMY MPO JOCTATHIO YMOBY CIIaJaHHS
GbyHKITII.

Teopema 2. fkmo ¢yHKIS f Mae BiI’€MHY TOXTHY B KOXHIM TO4YII
iHTepBay (a; b), To pyskiis / cnamae Ha iHTepBani (a; b).

Ipukaan 1. 3xaiiTu IHTEpBaIM MOHOTOHHOCTI PyHKITIT f(X) = % X? —2x+1.

Po3B’si3anns. 3amaHa QyHKIS BHU3HAueHa W AuQepeHIiiioBaHa Ha BCid
uncIoBiil IpsiMilt, mpuaomy f(x) = 2(x* —1). Ockimbku f'(X)>0 gus X >1, T0 3rigHO 3
TEOPEMOI0 2, 3amaHa (YHKI[S 3pOCTaE Ha HTepBaIaxX (—oo—1) 1 (L+0). OCKUIbKU
f(x)<0 mms [X|<1, To 3rizHO 3 Teopemoro 2, 3amaHa DYHKI CHafae Ha IHTEPBAT
(-11).

IIpaBuJi0 3HAXO0IKEHHSA IHTEPBAJIiB MOHOTOHHOCTI.
1) OOuuciaumMo mOXimHY f'(x)3amaHoi (yHKIH f(x), a MOTIM 3HAXOIMMO
TOYKH, B SKUX f’'(x) JOpiBHIOE Hymo abo He icHye. [lI TOYKM HaA3WBAIOTHCS
KPUTUIHUMU JJIsT QYHKIH f(x).
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2) KpurtnuHumu ToukaMu 00JIaCTh BM3HA4YCHHS (DYHKIM f(x) pO30MBAETHCSA
Ha IHTEPBAJIM, Ha KOKHOMY 3 IKUX MOXIIHA f'(x) 30epirae cBiil 3Hak. L1 iHTepBamu €
IHTEepBaJlaMl MOHOTOHHOCTI.

3) Hocmigumo 3HaK f'(x) Ha KOKHOMY 13 3HalJeHMX iHTepBamiB. SKkmo Ha
JaHoOMYy IHTepBaii f'(x)>0, TO Ha IOMY IHTEPBAIl f(x) 3pOCTaE, SIKIIO XK f'(x) <0,
TO Ha LIbOMY IHTEpBaJll f(x) CHAJaE.

MaxkcumyMm i MiHIMYM (pyHKILI

Hexait ¢pynkiis f(x) BU3HaA4YeHA B TOYIN Xg 111 OKOJI.

Os3HavenHsi. Touka X; HA3MBAETHCS TOYKOW MAKCUMYMY (MiHiMyMmy)
dbynkuii f(x), axmo 3Ha9eHAS QyHKIIN Y TOYIN Xy OUThIe (MEHIIe) 3a 11 3HAaUCHHS B
YCIX TOYKaX JAESIKOTO OKOJy TOYKH Xp: (X, +AX)<f () (F(X,+&)>f(X ) , xonu
Ax>0 abo Ax<D0.

MakcumymM 1 MIHIMyM  (QYHKOI  Ha3MBalOTh  eKCTpeMymMamMu  alo

eKCTpeMaJbHUMU 3HAYeHHSIMU (PYHKIIIL.
Teopema (Pepma 200 He0OXiIHA yMOBA ICHYBAHHS €KCTPEMYMY).

Ao nudepenuiioBana Gynkiis f(x) Mae y Touli xXo MakCUMyM a00 MIHIMYM, TO
il oXiJHA B 1[Il TOU1ll JOpiBHIOE HymO: f'(X,)=0.
JloBeneHHs 11i€1 TeOpeMU CITUPAEThCs Ha Teopemy Posus.
['eomerpuuno pBHICTE f'(X,) =0 O3Hayae, MO0 B TOYL EKCTpEMyMY (QYHKIIi
f (x) motuana o 1 rpadika mapanensHa oci Ox.

3ayBakumo, mo ymMoBa f'(X,)=0 € HeOOXITHOIO, aJle HETOCTATHHOK YMOBOIO
ICHYBaHHSI €KCTPEMYMY.

Hanpuknan, s gyskiii y=x® 1i moxigHa y' =3x’ JOpIBHIOE HYJIIO IPH X =
0, asie x = 0 HE € TOYKOIO EKCTPEMYMY.

[cuyroTh yHKII, sIKI B TOUKaX €KCTPEMyMY HE MaroTh noxigHoi. Hampuknan,
HernepepBHa QyHKLis Y =|X| y Touri x = 0 mOXinHOT He Mag, alle 115 TOUKa € TOYKO0
MIHIMYMY.

3HadyeHHsT apryMeHTy, NpH SKUX TOXIIHA JOPIBHIOE HYIMIO a00 HE ICHYE,
HA3WBAIOTh KPUTHIHUMH.

TeopeMa (ZocTATHA YMOBA iCHYBAHHS €KCTPEMYMY).

Sxmo pu mepexoi (37iBa HAIPaBo) Yepe3 KpUTHIHY TOUKY Xo TUPEPEHITIHOBAHOI B
nesskoMy okoui miel Toukn yakmii f(X) ii moximaa f'(X) 3MiHIOE 3HAK 13 TUIFOCA Ha
MIHYC, TO Xy — € TOYKOIO MakCUMYMY; SIKIIIO 3 MIHyCa Ha TIJIFOC, TO Xg — € TOYKOIO
MIHIMyMY.

JoBenennsi. Hexait f'(X) 3MiHIOE 3HaK 13 IUIlOcCa Ha MIHYC, TOOTO
BUKOHY€eThCS yMoBa f'(X) >0, xomu X e (X, —38;%,) (6 - okin Touku xg ) 1 f'(x) <0,
KOJIU X € (X,; X%, +0). Tomi ¢pynkiis f(X) 3pocTae Ha MPOMBKKY (X, —J;X,) 1 clagae
Ha TIPOMDKKY (X%, +90). 3Bigku BuiumBae, mo f(X)< f(x,) @1 Becix
X € (X —0;% +0), TOOTO Xy — TOYKAa MAKCUMyMY (DYHKIII .

[lopsimok BU3HAYEHHS EKCTPEMAIbHUX 3HAa4eHb (YHKI € aHaJOTTYHHM
JOCIIHKEHHIO HA MOHOTOHHICTb.
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Haii0libe Ta HaliMeHIIIe 3HaYeHHA PyHKIIIT HA BiApiZKy
Hexaii ¢yukuis f(x) HemepepBHa Ha Binpi3Ky [a;b]. Bimomo, mo Taxa

(GyHKILIS JocsTae CBOr0 HAMOUIHIIIOrO Ta HAMMEHIIIOTO 3HAYEHHS Ha IIbOMY BIAPI3KY.
Takum yuHOM, 17151 BUSHAYCHHS HAMOUTHIIIOTO Ta HAMMEHIIIOTO 3HaYeHHA (PyHKIT Ha

Bipi3Ky [a;b] HeoOXinHO:
1) 3naiiti kpuTHYHI ToukH GYHKII Ha iHTepBati (a;b);
2) o0umCIUTH 3HaYCHHS QYHKII Y KPUTHYHAX TOYKAX;
3) oOuwncauTh 3HaYCHHS QyHKI y TOYkax a 1 b;

4) cepen BU3HAUYECHUX 3HAYCHb BHOPATH HAWOUIbINEC Ta HAMEHIIIC.
Ipukaaa. 3HaiiTh HalOULIbIIE Ta HalMeEHIIe 3HaYeHHS  (yHKILii

f(x)=3x" +4x* -1 Ha [-2;1].
Po3B’si3anHs. 3HaiimeMo KpuThdHi TOUkd QyHKIi: f'(x) =12x° +12x°;
f'(x)=0 mpu x, =0e[-21] impu x,=-1le[-21].
3naiimemo f(0)=-1 f(-1)=3-4-1=-2, f(-2)=48-32-1=15, f(1)=6.
Ore, max f = (-2)=15, minf = f (-1)=-2.
Bu3HaueHHs HalOUIBIIOrO Ta HAaWMEHIIOTO 3HAYEHHA (YHKLI Ha BILIPBKY

3aCTOCOBYIOTh TP PO3B’s3aHHI 0araThb0X MPAKTHYHUX 3ajad, sKi TOB’sA3aHl 3
BIIIIIYKAHHSAM ONTUMAIbHHUX PO3B’ A3KIB.

8.2 OnykJiicTh, BTHYTICThb, TOYKH MepPeruHy

Hexaii Gpynkiis f(x) audepentiiioBana Ha TpoMikKy (a;b).

I'padix pynxmii f(x) (kpuBa f(x)) Ha3uBaeThcs OomMyKJIMM (YrHYTHM) Ha
npoMikky (@;b), sikio Bei Touku kpuBoi f(X) po3ramoBani Huk4e (BHIIE) 38 TOUKH
JOTUYHOI, TPOBEACHOT y OyIIb — AKIM TOUII Tpadika HA IbOMY IPOMDKKY.

Yacto omykim ¥ yrHyTi (yHKIli Ha3MBalOTh OMYKJIMMH Bropy i ONMyKJIHMH
BHM3 BIJIIIOBITHO.

Touku rpadixa ¢ynkuii f(X), y SKMX 3MIHIOETHCS HANPSMOK OIYKIIOCTI,
HAa3MBAIOTh TOYKAMM MEPEruHy.

Y mopanpmioMy BBakaemo, 1o ¢yHkmis f(X) Mae Apyry moxigHy Ha
npomikky (a;b).

Teopema (mocTaTHs yMOBa ONMYKJIOCTI rpadika gyHkmii).

Axmo apyra noximHa ¢ynkiii f"(x) <0 (f"(x)>0) B yciX TOYKax MPOMDKKY
(a;b), To rpadik dyskiil omykiHil yropy ( OMyKIHi YHU3) Ha [HOMY TPOMDKKY.

Teopema (1ocTaTHSI YMOBA iCHYBAHHS TOYOK € PerHHY).

Axmo apyra moximaa f”(X) mpu mepexojl depe3 TOYKY Xy, B SAKI BOHA
JOPIBHIOE HYJIIO a00 HE ICHY€, 3MIHIOE 3HAK, TO I TOYKA € TOUKOIO MEPETHHY.

Jloka3 1i€i TeopeMu € aHAJIOTTYHHUM J0Ka3y TEOpPEeMH TPO JOCTATHIO yYMOBY
ICHYBaHHSI €KCTpeMyMY (YHKITi.
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Mpuxnan. Jlocuimutu rpadik GyHKIi y=x"—2x+5Ha OMyKIICTh 1 3HAUTH
TOYKH TIEPETUHY.

Po3p’sizanns. OOGaacts Bu3HaueHHs D(y) =R . 3HaiigemMo noximHi y' =5x* -2,
y"=20x*. Jlpyra moxigHa gopieHioe Hymo Yy"=0 npu x = 0. Tomy y">0 npu
x>0; y"<0 mpu x<0.

Omxe, rpadik QyHKII Yy =X —2X+5 € ONYKINM YyrOpy Ha IPOMDKKY (—o0;0) 1
ONYKJIUM YHHU3 Ha IPOMBKKY (0;00) . Touka (0; 5) € TOUKOFO ITeperuny.

8.3 AcumnrToTn
ACHUMIITOTH JO3BOJIAIOTh CTBOPHUTHU YSIBJIEHHS MPO BUIIIAL rpadika ¢GyHKIIi
MIPU BiIJIaJIeH] HOTO TOYOK Ha HECKIHUCHHICTb.
AcumnToToro rpadika ¢pyHkuii y = f (x) Ha3UBaIOTL NPSIMY, BIICTAHb JIO SKOI
Bl TOYKH, KA JIOKUTh Ha KPUBIHA, MPSIMYy€ 0 HYJSA, SKIIO 11 TOYKA PYXA€ThCS
B3JIOBK T'UIKM KPUBOI 1O HECKIHYEHHOCTI.
AcUMITOTH TOAUISIOTH HA JBa BUAM: BEPTHKAIbHI W TOXWIl (30Kpema,
TOPU30HTAJIbHL).
[IpsmMa X =a € BepTUKAJbHOI aCUMNTOTOI0 rpadika ¢pyukuii y= f (x),
SAKIIO
limf(X)=c, abo lim f(x)=o, abo lim f(x)=c0.
X—a x—a—0 x—a+0
PiBHSHHS MOXHJI0T ACMMITOTH OYIEMO IIIyKaTH Y BUTJISIL
y=kx+Db.

3uarinemo k 1 b. Hexait M(x;y)—
JIOBUIbHA TOYKA, sSIKA HAICKUTH KPUBIA
y=f(x) (puc.8.1).
3a ¢dopmyrnow BiACTaHI BiA
TOYKH J0 TIPAMOI
d- Ax, + By, +C
JA? +B?
> BIACTaHb Biml TOYkH M 10 mpsMOi
© y=kx+b:
Puc.8.1 kx—y+b
k?+1 |
YmoBa d — 00yae BUKOHYBATUCS JIMILE TOJ1, KOJUA YUCEIbHUK ApOo0y MpsiMye
710 HYJIs, TOOTO 1i£n(kx— y+b)=0.

j 3HAXO0JUMO

d=

3BIACH BUIUIMBAE, MO kKX—Yy+b=a, 16 a=a(X) — HECKIHYEHHO Majia, TOOTO
a—>0 nmpu Xx—oo. [logummumMo oO0WABI 4YacTUHU piBHOCTI Yy=Kkx+b—-a Ha x,
nepeneMo JI0 TpaHulll IPU X —> o0, OTPUMAEMO:

|im1=|im(9+k—ﬁj.
X—)OOX X—00 X X
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3Bincu
k=limY b=lim(y—kx).
X—0 ¥ X—>00
TakuMm dYWHOM, SKIIO ICHYEe moxwiaa acummnrora y=kx+b, To k 1 b
BH3HAYAIOTh 32 OTPUMaHUMH (GopMynaMH. | HaBMaKku: SIKIIO ICHYIOTh CKIHYEHHI
rpanuili B popmynax st K 1 b, To mpsiMa y =kx+b € IOXHJI010 aCUMIITOTOIO.

3okpema, sikmo k= 0, to b=limf(x). Tomy y=b -  piBasHHS

TOPU30HTAJIBHOI ACUMIITOTH.

3ayBaxkeHHs. ACUMIITOTH Tpadika PyHKIlii MOXKYTb OYTH PIBHUMHU MPU X —> —00
11IpU X —> +o0.

Sxmo xoua 6 oj1Ha 3 TpaHUIlL TTPU BU3Ha4YeHHI K 1 b He icHye abo HopIBHIOE
00, TO TIOXWJIMX aCUMITOT HEMAE.

8.2 3ara;ibHa cxema nodyn0BU rpagika pyHkuii
3HaifT 00JacTh BU3HAUCHHS (PYHKIII .
Hocminuti GyHKIII0 Ha MapHICTb.
BuzHauyuTH TOYKU MIEPETUHY 3 OCSIMU KOOPIMHAT.
JlocmnuTi NOBEAIHKY (YHKIIl HA HECKIHYEHHOCTI.
3HaiiT acuMnToTH rpadika QyHKITII.
3HalTH HTEPBAJIM MOHOTOHHOCTI 1€KCTpeMyMHU (DyHKITi
3HaAlTH IHTEPBAIM OMYKJIOCTI TOUKHU MEpEeruny QyHKIL.

[loOynysatu rpadix pyHKIi.
Mpuxaax.  Jocminnra GyHKiO Yy =

O NGk~ wWNE

1+ x?
1-x?
1. OO6nacth Bu3HaUEHHS: X # =1, T00TO D(Y) = (—o0;—1) U (—11) U (L;+0)
1+(-x)>  1+x°
1-(-x)?  1-x%"
y(X), To dyukuis mapHa. Omxe, rpadik GyHKI CUMETPUYHUI BITHOCHO Bici Oy.

3. Buznauumo ToukM nepeTuHy rpadika QyHKIlii 3 OCSIMU KOOpAUHAT.

Touka mneperuny 3 Biccto Oy 3HaXoAUThCA 3a yMoBolo  x=0, Toxi
1+0%
1-0°
Touky meperuny 3 Biccto Ox Bu3HauaroTh, noknanaroun Y =0. Tomai maemo

2
piBHsHHS  Y(X) = 0 abo 1+X =0, sIKe He Mae Po3B’s3KiB; TOOTO rpadik GyHKIi HE

Ta No0yyBatH ii rpadix.

2. Ockutbku Y(— X) = TOOTO BUKOHYEThCS PIBHICTH Y(— X) =

1, 10010 A(0;1) — TOUKa mepeTHHy 3 Biccio Oy.

y(0)=

7 =

nepetruHae Bich Ox.

4. Jocniaumo NoBeAIHKY (PYyHKIIl HA HECKIHYEHHOCTL
2
+ X

OGuucmroemo  lim =-1, ToOTO TpsiMma Yy = — 1 — TOpU3OHTaIbHA
X—>to0 1_X2

ACHUMIITOTA.
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5. Ilpsma x =1 — BepTUKaIbHA aCUMITOTA, OCKUTLKH Iirln01 > =+ Ta
x-1-01 — x
1+ x?
= —00,
xel+01_X2
[lpsima x = — 1 — TeX BepTUKaJIbHA aCUMMTOTa TOMY, IO rpadik (GYyHKIII
Lo : 1+ o 1+x°
CUMETPUYHUI BITHOCHO oc1 Oy (1 abo lim ~=-o0 Ta lim - =+x).
x>-1-0] — X x>-1+01 — X

6. 3HaiiieMo HTEpBaIM MOHOTOHHOCTI Ta €KCTpeMyMH. {11 bOTO crioyaTKy

00YHCIIMMO TIOXITHY y'(X) -
,2XA-X3)—(@+x7)(-2x)  4x
) (L-x*)’ C@-x)

Kputnani Toukn BU3HAYMMO 3a yMOBU Yy =0 abo y' He icHye . PiBHSHHA
y'=0 Mae enuHuil KopiHb X=0, moxigHa y' HE icHye, sKmo X=x1. Aje
KPUTHUYHOIO € TUIbKM TOouka X=0, OCKUIbKM Xx=11 He Hajuexarb o00JacTi
BH3HA4YCHHS (DYHKITI.

, /- N\ /
VA VA S Vi s
1
v\ NS L/
Puc.8.2
Ha iHTepBanmax (—owo;-1) 1 (-40) yHKIIiA ciamae, ocKiibku y'(x) < 0.
Ha inTepBanax (0;1) 1 (I +09 QYHKIIIS 3pOCTAE, OCKUILKU y'(X) > 0.
Yuin = Y(0) =1, 10010 B(0;1) — ekcTpeManbHa TOUKA.
6. 3HailneMo HTepBaJii OMYKIJIOCTI Ta TOUKH MEPErUHY.
OO6uncmumo y”(x)

N > ,_4-(l—x2)2—4x-2-(1—x2)-(—2x)_4(1+3x2)_
y"(x) = (y'(x)) —((1_)(2)2] = 1—x?)°* "X

y" =0 1icHye ipu X € D(y).

VAT VA

Puc.8.3

Ha inTepBanax (—oo;—1) U (L+o0) rpadik GyHKII OMyKIMA TOMY, 0 y”(X) < 0.
Ha mrepBani (-11) rpadik QpyHKIii BrHYTUH TOMY, IO Yy"(X) > 0.
To4ok nepervHy HeMae.

8. Bymyemo rpadik ¢ynkiii (puc.8.4)
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! y | !
x=-1 L ox=1
! 1 !
i E X
-1, 0 1 "

i i y=-1

e e B S
Puc.8.4

InTanus ais camonepeBipKH
[Io Take iHTEpBaT MOHOTOHHOCTI (PYHKILii?
CdopmymroliTe mpaBuiia 3HaAXOMKEHHS IHTEPBaJIIB MOHOTOHHOCTI.
[Ilo Ha3uBarOTh EKCTpeMyMOM (pyHKITii?
ki qocTarHi Ta HEOOXIHI YMOBH ICHYBaHHS €KCTPEMYMY?
[Ilo Take OMyKIIICTh Ta YTHYTICTh I'padika GyHKIii?
ChopmymoliTe TeopeMH AOCTaTHIX YMOB OMYKIOCTI Tpadika QyHkiii Ta
ICHYBaHHSI MIEPETrHHY.
[Ifo Ha3uBarOTh aCUMNTOTOIO KPUBOi?
8 Sy mpaAMy Ha3UBaIOTh BEPTHUKAIHHOIO aCUMITOTOIO?

OO WNE

~

JIEKIIA 9
9.1 IlepBicHa. HeBu3Hauenuii HTErpa
9.2 Tabnuis HeBU3HAUEHUX IHTErpaniB. OCHOBHI METOU IHTETPYBaHHS

9.1 IlepBicHa. HeBu3HaueHM i iIHTErpas

barato BaxJIMBHX IH)KEHEpPHHMX 3a1ad 3BOASATHCS N0 3a7adl BU3HAYEHHS
dbyHKI, K0 BigoMma ii moximHa, TOOTO 3amadi, 00epHEHOI 0 OCHOBHOI 3adadi
nudepeHIliaIbHOTO YUCICHHS. 3ajavya Bu3HaueHHs ¢QyHkiii F(X), moxigHa skoi
nopiBaioe f(X), € ocHOBHOIO 3a/1a4el0 iHTErPaJILHOI0 YHCIECHHS.

O3navennsi. @ynkiis F(X) HasuBaethcs mepBicHow aiasi gpynkmii f(X),
BHU3HAYEHOT Ha MPOMDKKY (@;D), SIKIIIO B yCIX TOYKaX IIOTO MPOMDKKY BHKOHYETHCS
PIBHICTh

F'(x)=f(x) (abo dF(x)= f(x)dx).
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Hanpuknazn, nepBicHot QyHkuiero ans ¢yHkmii f(x) = 4x° oyne F(x)= x*,
ocKimbKH (x*)' =4x%. OmHak moxinua Bix ymkuii (x*+ 5) Takox KopiBHIOE 4x°, a 1e
o3Hadae, mo Qyskmis (x* + 5) Gymge Takox mepsicHoro st Gyrkuii 4x°. I B3ara,
F(x)=x"+C, me C — craja, TakoX OYyAyThb MEPBICHUMHU s f(X)=4x°, OCKUIbKH
(x* +C) =4x°.

Teopema. Skmo ¢yskiis F(X) € nepBicHoto 11t PyHkui f(X) Ha MPOMDKKY
(a;b), To mHOkMHa BCiX mepBicHUX g QyHkui f(X) Ha poMy mpomikky (a;b)
MICTUTBCS Y BUpa3i

F(x)+C,
ne C — noBiibHA cTaNa.

Hoseaennst. Jliticao, (F(x)+C) =F'(x)= f(x).

Hexait ®(x) — nesika inma nepsicHa ¢pyHkii f(X), BimmiaHa Bix F(X), ToOTO
®'(x) = f(x).Toxi nyst 6ynb — sikoro X € (a;b) maemo

(D(X)-F (X)) =0'(X)—F'(x)=f(x)— f(x)=0.

A 1e os"auae, mo DPX)-F(x)=C, ne C — crana BemmumHa. OTKe,
d(x)=F(x)+C.

OsnavenHst. CykymHicTh ycix nepBicHux F(X)+C  mia dymkmi f(x),
BH3HAYCHOI Ha MPOMDKKY (a;b), Ha3WBaeThCs HeBU3HAYEHHUM IHTErpajioM Bij
¢ynknmii f(X) Ha IbOMY MPOMDKKY 1 IO3HAYAETHCS CHMBOJIOM

j f (x)dx,
e f(X) — migiarerpanpHa dyukiisa, f(x)dx — miginTerpanbHUil BUpa3, X — 3MiHHA
IHTErpyBaHHS.
Takum uymHOM, KO F'(X) = f (X), TO
[ fdx=F()+C.
CnpagennuBe it 00epHEHe TBEPIKEHHS.

Omneparlisi 3HaXOI)KEHHSI HEBU3HAYEHOI'O IHTErpasa Bif (PYHKI HA3UBAETHCS
iHTErpyBaHHAM Wi€l (PyHKIIN.

['eomerpuuno HEBU3HAYECHUI

v a IHTerpasl  siBJisie  CO00I0  CYKYIHICTb
y=F()+C KPHMBHUX y=F(x)+C (KOKHOMY

y=F(x) yucioBoMy 3HadeHHro C  Bigmnosimae

y=F0+C, KkpuBa cykynHocTi) (puc.9.1).
/V: F (X) +C3 1_, . . . o
padik KOXKHOI TNEpPBICHOI HA3MBAETHCH
IHTerpajJIbHOI KPHUBOIO.

0’// * JloBeneHo, 110 Oyab-sKa (QYHKIIs,
HENepepBHA Ha IPOMDKKY, MAa€ B IILOMY

MPOMDKKY TIEpBICHY, a 3HAYMTh, 1

HEBU3HAYCHUI HTETPaL.
Puc.9.1

BaacTuBoCTI HEBU3HAYEHOIO IHTErpajia (mpaBuwia iHTerpyBaHHs)
[Tomamo BIacTUBOCTI, sIKI BUTUIMBAIOTH 3 O3HAUEHHS HEBU3HAYEHOTO IHTErpaia
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1) ([ F9dx) = F(x).

2) d(j f (x)dx) = f (x)dx.

3) [dF (x) =F (x) +C .

4) Icf (x)dx :c_[f (x)x , me ¢ =const 0.
5) j (f,() + f,(x)dx)= j f, (X)dx + j f,(X)dx.

6) jf(ax+b)dx=1F(ax+b)+c.
a

7) (InBapiaHTHICTH (POPMYII IHTETPYBAHHS ).
Skmo [ f()dx=F()+C, 1o fU)du=FU)+C, 1 u=p(x)—
HernepepBHO AudepeHiiiioBaHa PyHKIIISI apTyMEHTY X.

JoBenennsi. Posrimsinemo ckimanHy Qynkmito F(u)=F(e(X)), 1€ u=@(x)—
HernepepBHO nudepeHuiiioBana ¢yHkiis. Toal 3a HBAPIAHTHICTIO POPMH TEPIIOTO
nudepentiana yukii dF(u)=F'(u)du = f (u)du.

3BinKkn j f (u)du =jd(F(u)) =F(u) +C .

9.2 Tabmus1 HeBU3HAYEHHUX iHTerpaJiiB. OCHOBHI MeTOAM IHTErpyBaHHS
I3 Tabmui NOXiAHMX 1 O3HAYEHHS HEBU3HAYEHOI'O IHTErpaja MOKHAa CKJIACTH
TaOJIMII0 HEBU3HAYEHUX IHTETpaliB.

1. ju“du :ju“u;dx = i:ll

d d 1
—u+C; ITE:2J6+C; ju—lj=—u—2+c);

dU . u _a_u . u _ U -
2. jT_In|u|+C, 3. [a du=—+C; (.[e du=e'+C);
4.Isin udu =—cosu +C ; 5.Icosudu:sinu+C;
6.jtgudu:—ln cosu|+C ; 7.jctgudu=ln|sinu|+C;
8.j du =tgu+C; 9..[_d—l::—ctgx+C;
cos? u sin®u
10I =1In tg(E]JrC' 11I =1In tg(EJrz +C;
sinu 2 ' cosu 2 4 ’
1 u du 1 u—a
12. =Zarctg—+C ; 13. | —=—1 C;
J.u +a? aanga+ J.uz—az 2anu+a+
14[ _arcsmu+C 15.I du =In‘u+ u’+a?|+C.
Ja? Ju?+a?
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3ayBa)XMMO, 0 CUMBOJI ¥ MO’KE MO3HAYaTH SIK HE3AIEKHY 3MIHHY, Tak 1
HernepepBHy audepeHIiiioBany (QYHKIIFO B1T HE3aJISKHOT 3MIHHOT.

Koxxna 13 ¢opmyn 11i€i TaOnuil cripaBeavBa B OyAb-sIKOMY MPOMDKKY, SIKAN
MICTUTBHCSI B 00J1aCTI BU3HAYEHHS BUIMOBITHOI MIIHTErpaibHOi (PyHKIIii, i1 BIPHICTh
MOYKHA TIepPEBIPUTH TUEP CHIIIFOBAHHSIIM.

MeToau iHTErpyBaHHA

IcHye Tpu OCHOBHI METOAM IHTErpYBaHHS (PYHKIII: MeTO]l Oe3mocepeHbOro
IHTErpyBaHHA (TaOJMYHE IHTErPYBaHHS), METOJI 3aMIHM 3MIHHOI Ta METOJ
IHTETpYBaHHS YacTUHAMH. PO3TIITHEMO KOKHUH 13 X METOIIB.

Be3nocepeane inTerpyBaHHsi

Meron iHTerpyBaHHS, 3a SKMUM JaHUM IHTErpajl 3BOAMUTECS N0 OJHOTO abo
KUTbKOX TaOJIMYHUX  IHTErpaliB  LUIXOM TOTOXKHUX IE€PETBOPEHb  Haj
miTHTerpaipbHo0  (yHKIEI0O (a0 BHUpa3oM) 1 3acTOCYBaHHS BJIACTHBOCTEH
HEBU3HAYEHOTO IHTErpasa.

Hpuxaan. 3xaiiT I (5x" —7x* + 2)dx.

Po3B'si3anHsA. CKOPHUCTaBIIMCH BJIACTUBOCTAMM HEBU3HAUEHOrO IHTErpasa,
MaTUMEMO

j(5x7 —7x*+2) =I5x7dx—j7x2dx+_[2dx=5Ix7dx—7jx2dx+2Idx.

3BIIKM 3aCTOCYBaBILM CTeNeHeBUi HTerpa (1)

8 3 8
X

[Ex -1 4= =55 10, -7X ¢, +2x4C, =2 e v 2x4C,
8 3 8
ne
C=C,+C,+C,.

Bin3naunMo, mo aomaBaTH JOBUIbHY CTally IICS 3HAXO/HKCHHS KOXKHOTO
IHTerpaia, sK 1e 3po0JieHO B JaHOMY NpUKIal, He ciail. JlocuThk yci JOBUIbHI cTali
HiICYyMYBaTH 1 pe3yibTaT, Mo3HaueHuil ofgHiero OykBoro C, 3ammucard BKIHI(L, TOOTO
IICJIS TOTO, SIK YC1 IHTErpajin 6yz[yTL BI/I3Haqui.

\/_ Xe +X

IHpuxaan. 3HaiiTn _[ 3 dx.
X

Po3B si3anua. Maemo

Ix —x3%* +x2 x  x%* X2
J. X3 dX:I( 7— X3 +F )dX:
2 3
= x2dx e*dx + —=——x2—e +In|x+C=C —-—————-¢* +In|x.
=[xt ferans [ =2 ¥ L

InTerpyBanHsi MeTOI0M 3aMiHM 3MiHHOT (METOX MiICTAHOBKH)
Skmio 6e3nocepeHbo (3a I0MOMOTO0 TaOJUIll) HE BIA€THCS 3HAUTH NIEPBICHY,
TO 3aCTOCOBYIOTH MeToJ 3aMmind  3MiHHOI. CyTh IIbOTO METOMY TMOJISATaE Yy
3aCTOCYBaHHI TaKOi HOBOI 3MIHHOI IHTETPYBaHHS, IO 3aJaHUM IHTErpajl 3BOJIUTHCS
710 HOBOTO IHTErpaja, SKui € TaOJIMIHUM ad0 TaKUM, IO 3BOJIUTHCS 10 HBOTO.

Hexait Tpeba o0uuciuTu HTErpan j f (x)dx . 3aMiHa 3MIHHOT 3AIMCHIOETHCS 3a
JIOTIOMOTOXO IMIICTAHOBOK ABOX BHUIIB:
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1) mokmanaroTh x=¢(t), A€ ¢(t)— HenepepBHO AudepeHiiioBaHa (QyHKIIA
HOBO1 3MIHHOI t , ska mae oOepHeHy dyHKI0. Tomi dx=¢'(t)dt 1, 3acTOCYyBaBIIU
BJIACTHUBICTh 1HBAplaHTHOCTI (POPMH MEPLIOTO AUQEpeHLiana, OTpUMaEMO (opMyITy
3aMIHU 3MIHHO1

[ £09dx=[ f () (t)dt ;

2) MOKJIAAaoTh u=y(x), A€ U — HOBa3MIHHA, TOI1 (hopMyJia 3aMiHN 3MIHHOT

Ma€ BUTJIS]

J 1 lvoly(odx= [ f Wydu.

IMpukaan. 3uaiTu J‘sin3 X cOs XdX .

u=sinx 4 in’
Po3B si3anns. jsin3xcosxdx j ?’du—u—+C=SIn X+C.
du = cos xdx 4 4
2dx
IMpuxkaan. 3gaiiti X
P A jx +9
Po3B s3anns. [Tokmanemo, mo X =t Toxi 3x* dx=dt i
2 3 _ 2
Ixﬁdx _ z< =t :lj-?)?s( dlej- dt :1 larctg LCo
X +9 [3xdx=dt|] 3" x+9 3 +9 33

= 1 arctg X—3 +C.
9 3
MeTox iHTerpyBaHHS YaCTHHAMH
Hexaii  u(x) i v(X) — aBi ¢yHKIii, sKi MalOTh HemepepBHi moximHi. Tomi
d(uv)=u-dv+v-du. [HTErpyrOYM 1110 PIBHICTH, OTPUMAEMO
_fd(uv) =jvdu +judv, aje jd(uv) =uv+C,

3BIIKHA
judv =uv —J'vdu : 9.1)
s dopmyna HazuBaeThCsi (GOPMYJIOI0 IHTErpyBaHHS YACTHHAMM, a METOJ
IHTErpyBaHHs, III0 TPYHTYETbCS Ha 3acTOCYBaHHI M€l (QOopMynd, — MeToaA0M

iHTerpyBaHHS YaCTHHAMM.

Meros iHTerpyBaHHs 4acTHHaMHM € €(QEKTHBHHUM, SIKIIO IHTErpajg y mpasid
YaCTUHI PIBHOCTI BUSIBUTHCS HpOCTlIJ_[I/IM HDK BUXTHHM.

VYKaXeMO JesKl TUIOBI HTErpajiu, sIKli 3py4HO OOUYUCIIIOBATU 30 JIOTIOMOIOIO
METOJy IHTErpyBaHHS YaCTUHAMMU:

1) iHTerpamu BUIISAY IP(x)eade, jP(x) cos bxdx | jP(x)sinbxdx, ne P(x) —
OararousieH, a 1 b — Oyap — sAK1 AlcHI yKcna. 3pydHo BBakaT U = P(X),
a dv=e¥dx.

2) IHTErpaJi BWIJISIIY _f P(x)log, xdx, _[ P(x)arctgbxdx, _[ P(x)arcctgbxdx,
IP(x) arccosbxdx. 3pyuHo BBaxkarn dv=P(X)dx, a 3a u TO3HAYAIOTH IHIII

MHOXXHHKH.
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3) iHTerpand BUIIAY .[eax cos bxdx , _[ e* sinbxdx. ®opmMyiy IHTErpyBaHHS
JacTHHAMH 3aCTOCOBYIOTH JIBIU1 ¥ 0OMABa pa3w 32 u IIO3HAYAIOTH ado
MOKA3HUKOBY, a00 TPUTOHOMETPHUYHY (PYHKITIFO.

Ipuxkaan. 3HaliTH I x> In xdx.

Po3p's3annsi. Beaxaroun, mo u(X)=Inx, dv(x)=xdx i 3acTocyBaBmm

bopmymy (9.1), onepxumo

=Inx; du:%

Ixz In xdx = X —In j— —d
dv=x%dx; v= Ixzdx_
3

3
:X—Inx—lfxzdx_—lnx—l X—+C——x3(3lnx -1)+C.
3 3 3 3

Po3B ' s13aHHs 1IbOTO TPUKIIAAY MOYHA 3alKCaTy I1Ie i Tak:
Ixz In xdx =1IIn xdx? =l(x3 In x—jxsd In x)=1(x3 In x—J.x3 -ldxj =
3 3 3 X

:E(XB’ Inx—szdx):l[x3 Inx—£x3j+C:lx3(3lnx—l)+C.
3 3 3 9

Mpuxaan. 3HaiTH I X2 sin 3xdx.
Po3B's13anna. Beaxxatumemo, 1o u=x%, dv=sin3xdx. Toxi
du=2xdx, v= fsin 3xdx = E_[sin 3xd (3x) = ~Loosax
3 3
3a ¢opmynoro (19.1) Bu3Hauaemo
sz sin3xdx = 1 X2 cos 3x —I(—lcosi%xj - 2xdx =
3 3

=—1x2 cos3x+§jxcos3xdx.

Jlo ocTaHHBOTO IHTETpajga 3HOBY 3acTOCyeMO GOpMyIy IHTETpyBaHHS
yacTtuHaMu. JlJI1 boro BBaKaTuMeMo, mo U=X, dv=cos3xdX, Toxi

du=dx,v= jcos 3xdx = l.fcos 3xd (3x) = lsin 3X
3 3

Ixcos3xdx :lxsin 3X — J.lsin 3xdx :lxsin 3x —Ej.sin 3xdx :lxsin 3x +1c053x.
3 3 3 3 9
Taxkum 4MHOM, OCTATOYHO 6yz:eM0 MaTu

fxz sin 3xdx :—lx2 cosSx+g(£xsin 3x+10053x)+c.
3 3(3 9

:2—17(—9x2 C0s 3X + 6Xsin 3x + Zcos3x)+C :

Ha mpakTtumi npu oO4YuciIeHHI HEBU3HAYEHUX IHTETPaliB BHUKOPHCTOBYIOTH

PI3HI JOBITHUKH, SIKI MICTSITh TaOJMIN IHTErPAIIIB, M0 YaCTO 3yCTPIYAIOTHCS.
Tpeba 3a3HaYUTH, 10 ICHYIOTH BUITQJIKH, KOJIA HEBU3HAUYCHHWM IHTErpail HE

MOK€ BHpaKaTHCS uepe3 elleMeHTapHi (YHKIIii, TOJ1 TOBOPSATh, IO IHTErpall «He
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. . . .rsinx .. .
oeperscs». Jlo 1MX 1HTErpaigiB BITHOCSTbH TaKl:I—dx (IHTErpagbHUN CUHYC),
X

COS X : . . L
I—dx (IHTEerpaIbHUI KOCHUHYC), je dx (mTerpan [Iyaccona) Ta HuIL
X

InTanus A camonepeBipKH
1 Illo Ha3MBa€eTHCS HEBU3HAYECHUM IHTETPATIOM?
2  CdopmyoiiTe npaBuiia IHTErpyBaHHS.

JIEKIIIA 10

10.1 Buznauenwii interpan. @opmyna Herorona-JIeliOuus
10.2 Meroau mificTaHOBKY Ta IHTEIPYBaHHS Y BU3HAYEHOMY IHTETpail

11.1 Busnavenwuii interpaji. ®opmyna HeroTona-Jleio nnns

[ToHATTS BU3HAYEHOrO IHTETpalia BIAI'PAc€ BAXKIMBY POJIb Y MAaTeMAaTUYHOMY

aHaJI131 Ta y PI3BHOMAHITHUX HOT0 3aCTOCYBAHHSX.

Posrisaemo 3aady, sika MPU3BOAMTH JI0 TIOHSATTS BU3HAUYCHOTO IHTErpaa.

3agayva o0unc/IeHHS IO KPUBOJIIHIHHOI Tpamenii
Hexaii Ha Binpisky [a;b] (a<b) 3amana HenepepsHa (ynkmis f(X).

KpusBoJiiniitHoro Tpaneuico

y=1( Ha3MBalOTh IUIOCKY (irypy, sika
obMexeHa  KpuBow  y= f(x),
npsSsMAUMH X=a, X=Db 1BiIpBKOM
oci Ox. Po3rismHeMo BUIIanoOK, KOJIU
f(x)>0 (puc.11.1).

Po3i6’emo Binpizok [a;b] Ha

N JOBUIbHUX YacTUH TOYKAMU
a=Xy, X, Xy, X, 1, X, =D

X (a=X <X <X <..<X _, <X =b).

S I

o g |

S

0o

Py
b

N
e

iR
b
b

i
>
A

n Koxuuii Takuii Bimpizox Oyme-
Puc.11.1 MO Ha3MBaTH YaCTKOBHM.

Uepes Ax, MO3HAYMMO JOBKHMHY YaCTKOBOTO Bimpizka [X ;%] (k=1,2,...,n):

AX, =X, — X, ;-

Ha xoxHOMY 4acTKOBOMY BiIpiBKy 00epeMo JOBUIbHY TOYKY, aOCIHCYy SIKOT

no3Ha4umMo uepes &, (k=1,2,...,n), oburciumo f (& «)— 3HAUYCHHS 3aMaH0i (DYHKIL

f(X) y miit Touni. Busnaunmo noOytok uncna f(£,) Ha IOBXKHHY AX, BiIpi3ka, Ha

AKoMy B3sATO Touky ¢&,. Lleit noOyrok f(&,)AX, TOPIBHIOE TUTOII MPSMOKYTHHKA 3
OCHOBOIO AX, 1BHCOTOIO f (&, ). Cyma BCIX TakuX TOOYTKIB

F(E)AX + F(E)A%, +.t F(E)AX, = F(£)AX,

JIOPIBHIOE TUTOII CTYIIHYACTOI (PIrypH, sIKa CKIAA€THCS 3 OKPEMHX MPSIMOKYTHUKIB 1
NpUOJIM3HO TOPIBHIOE IIOILI KPUBOJIIHIMHOT TpameLlii.
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Taka cyma Ha3HBa€ThCS IHTErpajbHOK cymow aiasa ¢ynkuoii f(x) =Ha
Binpizky [a;b].

3a TOYHE 3HAYCHHS IUIOINI KPUBOJIIHIAHOT Tpamelii MO)KHa BBaKAaTH T'PAHUIIIO
S, 10 sKO1 MpsAMYE IJIOoIA CTYMIHYacTol QIrypH, sIKIIO N —> oo (KUTbKICTh YaCTKOBUX
BUIPI3KIB HECKIHYEHHO 3pOCTaE) 1 max Ax, — 0

1<i<n

MUDILCIEY
(n—o)

O3naveHHs. ['paHuIs iHTErpaIbHOI CyMH , TOOTO

n
lim f AX, ,
maxAxkeokZ_;‘ (E"k) k

(n—>w) =
SIKIIO BOHA iCHYE 1 He 3ATIeXUTh Hi Bill cioco0y po30UTTS Binpi3ka [a;b] Ha gacTkoBi,
Hi Big BUOOpY Ha HHUX TOYOK &, , HA3WBAETHCS BHU3HAYEHMM iHTerpajiom QyHkKuil

f(x) ma Binpisky [a;b] ino3HagacTrcs cuMBOIOM
b
j f (x)dx.

Takum 4uHOM,

n

def
j f)dx = lim ) f(&)AX, . (10.1)
E‘fi%”o k=1

TakuM uMHOM, BM3HAYEHUM IHTErpajg BiI HEBiA €MHOI (YHKIi YHCEIbHO
JIOPIBHIOE TUIONI KPHUBOJIHIAHOT Tparemi (reoMeTpu4Hiid 3MiCT BH3HAYEHOTO
iHTerpana) (puc.22.1).

Yucna a 1 b Ha3suBaroThCs BIANOBIIHO HMKHBOIO 1 BEPXHBOIO MEXKAMH
iTerpyBanns, f(X) — mimiHTerpambHOO (yHKiiero, f(X)dX — mimiHTErpaTbHUM
BUPA30M, X — 3MIHHOIO IHTErpyBaHHs, BIIPi30K [a;b] — BimpiskoM iHTerpyBaHHs.

Osnavennsi. Oyuxuis f(X), nms sxoi ma Bimpisky [a;b] icHye Bu3HAueHuii

b b
IHTErpan J. f (x)dx., Ha3uBaeTHCS IHTErPOBAHOIO HA BiPI3KY J. f (x)dx..
a a

3ayBaxeHHs. BennunHa BU3HAUEHOTO IHTETpasia 3aIeKHUTh JIMIIE Bil BUTIISTY
miniHTerpaTbHOI (QYHKIN 1 BiTl MeX iHTerpyBaHHsA a 1 D, ame He Bim 3MiHHOI

IHTErpYBaHHS, SIKY MOXHA MO3HAYUTH OY/b — SIKOIO OYKBOIO, TOOTO
b b

j f (x)dx :j f(u)du =... :T f(z)dz.

a a

Chopmymnroemo 0€3 TOBEACHHS TeopeMy iCHYBAaHHS BH3HAYEHOIo iHTerpa-
Ja.

Teopema (Komri). SIximo dynxiis y = f (x) HemepepBHa Ha Binpizky [a;b], To
ICHy€e TpaHuls il IHTErpajlbHOiI CyMu (BuU3HaueHuM mHrerpan). Llg rpanuus He
3QNEeKUTh Hi Bil po3OMTTA Binpidka [a;b], mi Bim BHOOpY TOUOK & HAa YAaCTKOBHX
BIIpIBKax.

OO0unciieHHs] BU3HAYEHOTO IHTErpaia 3a 03HaYEHHIM (SIK TPaHUIIl IHTErpalibHOT
CyMH) IMOB’si3aHE 3 BEIMKMMM TpyAHoulamu. [lojmermmru 1o 3amady MoKHa 3a
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npomnioMoroto ¢opmynu HerotoHa — JlelOHims (sky Oyze moaaHo jaaji), 0 BCTaHOB-
JIFO€ 3B 30K MDK BU3HAYECHUM 1 HEBU3HAYEHUM IHTETpajlaMHu.

ChopMyIr0eMO OCHOBHI BJIACTHBOCTI BU3HAYEHOIO iHTerpaja, sKi
0e3nocepeHbO BUIUIMBAIOTH 13 HOr0 O3HAYEHHA 1 JOBEAEMO JeiKl 3 HHX.
BeaxatumeMo, o QyHKis f(X) € iHTerpoBaHoro QpyHKIEr Ha Binpisky [a;b].

1) Cranuii MHO)KHUK MO’KHAa BUHOCHTH 32 3HaK BU3HAYCHOTO IHTErpaja:

ch (X)dx = cj' f(x)dx.

max Ax, — max Ax, -0
(n—>) (n—>x)

JloBeneHHs. jcf (x)dx=lim Ozn:cf (E)Ax, =c _lim (& )Ax, =c_? f(x)dx .

2) Bwsnauenuii iHTEerpan Big cyMu (PBHHIN) AEKUTBKOX IHTErpOBAHUX
(GYHKIIH TOPIBHIOE CyMi (PI3HUIL1) IHTErpaliB BT LUX (PYHKIIIH:

b

_[( f,(x) £ f,(x))dx = 'T f, (x)dx ii f, (x)dx.

a

JloBenmeHHs 11i€1 BIACTUBOCTI CITMPAETHCS Ha BIMMOBIIHY BJIACTHBICTH
rpaHuill CyMH (pi3HUI) (QYHKITIH.
3) dxmo f(x)=1 ma x € [a;b], T0

_Tf(x)dx=.b[dx=b—a.
4)Tf(x)dx:0;

5) T f(x)dx = -T f (x)dx.
6) a}hquo f(xb)zo s X € [a;b], To
T f(x)dx=i0dx=0.
7) ko f(X)> 0 nna x € [a;b] ,am a
T f (x)dx > 0.

8) SIxmo f(X) i ¢(x) — HrerpoBani QyHkui Ha BimpBKy [a;b] i f(X) <@(X) s
x € [a;b], To

Tf(x)dxgi(p(x)dx,

9) SIkmo ¢ynkuis f(X) inTerposana na BinpiKy [a;b] i a<c<b, To ng Qpynkuis
iHTerposana i Ha Binpiskax [a;c] i [c;b], mpuuomy

c

T f (x)dx =j f(x)dx+i f (x)dx .

a

JloBeneHH 11i€1 BIACTUBOCTI CIIUPAETHCA HAa BIACTUBICThH IHTETPAIbHOI
CYMH, SIKy MOHA PO3UTUTH Ha OKPEMI1 YaCTUHHU.
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3ayBaxuMoO, IO Mae Miciie W oOepHeHe TBepMkeHHS. [0 BiacTUBICTH
HA3WBAIOTh AIUTHBHOIO BIACTUBICTIO BU3HAYEHOT 0 iHTErpaJia.

10) Skmo ¢ynxuis f(X) menmepepsma ma Bimpiky [a;b], me a<b, i
m< f(x)<M s x e[a;b], To

m(b—a)gj'f(x)dxs M (b —a).

Tyr m — HaiimeH1re, a M — Haitbinbie 3Hauenns GpyHkii f(X) Ha BinpiBky [a;b].
{1 HEpIBHOCTI 1at0OTh 3MOTY OLIIHUTH 3HAYEHHS BU3HAYEHOTO IHTErpaja.

11) Teopema (ripo cepeaHe 3HAUEHHSI BU3HAYEHOTO 1HTErpasna). Ao QyHKiis
f(x) menepepeHa HaBinpBKy [a;b], To icHye TouKa C € [a;b] Taka, mo

T f(x)dx = f(c)(b—a).

[Mpu upomy 3Hadenns ¢yukmil f(X) y Todli ¢ Ha3MBAIOTH cepeaHIM 3HAYEHHAM
uici pynkuii ma Bigpisky [a;b].

12) [Ins inTerpaja i3 3MiHHOI0 BepXHbOIO rpanumner O(x) =J f (t)dt (sixwmii €

(YHKIII€IO BIT BEpXHBOI TPAHUIIl X) BUKOHYETHCS PIBHICTH: ®'(X) = f(X) .
®opmysna Herotona — JleiiOnins
Slxkmo pynxuia f(X) nenepepsna na Binpisky [a;b] i F(X) — 6yab- ska neppicHa
mis f(X) Ha mpomy Bimpi3Ky, TO Mae Mictie popmyria

[ f()dx = F(b)-F(a). (10.2)

s popmyna mae HazBy ¢opmyau HbloToHa — JleiiOHina 1 € OCHOBHOIO
(hOpPMYIIOI0 IHTETPATHHOTO YUCJICHHS.
JoBenennsi. Hexait F(x) — mesika mepBicHa aust ¢yHkii f(X). 3a Bl1acTUBICTIO

(12) byHukis J)S f (t)dt takox € mepricHot0 Bin f(X). OCKiUIbKM JBi MEPBICHI Bill OHIET
byHKII i Binpi:«;a}mIOTLc;I Ha CTally BeJIM4nHy C*, TO MaEMO
j' f(t)dt=F(x)+C".
Busnaunmo crany C°, HOKJ'IaB:III/I X =a.:

If(t)dt:F(a)+C* abo 0=F(a)+C’, 3Bigku C* =—F(a).

Otxe, j f)dt=F(x)-F(a).

[Toxnanemo x=Db 1oTpumaemo hopmyny Hetotona — JleitOnirs:
b

j f (x)dx = F(b) — F(a).

Jns 3pydaHoCTi KOpucTyBaHHs Gopmyny (12.2) 3anucyroTh y BUTIISAL
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T f(x)dx = F(x) 2 = F(b) - F(a). (10.3)

dx
(11+5x)* "
Po3B sizanns. 3a popmynoro Herotona — JIeOHis

T f(x)dx = F(x)

1
Mpukaaa. O6uucauTU I
5

b_ F(b)- F(a).
a

OTxe, CKOPUCTABIIMCH IIi€0 (HOPMYJIOI0 1 BIACTUBICTIO 5 BHU3HAYCHOTO
IHTETpaja, 0J1epPKIMO
-1 -1 -2
J‘ . - :1](11.,.5)()*3.5(1)(:;.&
J(11+5%)° 57, 5 -2

i1
10 (11+5x)

_1_

-2

-l 1 __i[i_lj_l
-2 10((11-5)% (@11-10)* 10\ 36 72
10.2 MeToau miiIcCTAHOBKHU TA iHTErPyBAHHS Y BU3HAYEHOMY iHTerpaJi

3amina 3MiHHOT y BU3HAYEHOMY IHTErpaJi
b
Hexait ans  iHTEerpana If(x)dx Byl HemepepBHOi (QyHkiii f(Xx)3pobieHa

MIJICTAHOBKA X = ¢(t).
Teopema. fxio:
1) dyukuin x=g(t) 1ii noxinHa X' =¢'(t) HenepepsHi npu t €|a; B];
2) MHOXHHOIO 3HaueHb QyHKIi X =g(t) npu t €[e; B] € Bimpi3ok [a;b];

3) pla)=ai ¢(p)=h,

TOJ1

b B
f(dx= [ f (o) 'Ot (10.4)
J

o popmyny HazuBarOTh (OpPMYJI0I0 3aMiHM 3MIHHOI JJIsi BU3HAYEHOrO
iHTerpana.

Nosenennst. Hexaii F(x) — nepsicHa mia f(x) Ha BinpiBky [a;b]. Toni 3a
b
bopmyrnoro Heiotona — JleiiGnins | f (X)dx=F(b)-F (a).

Ocxkimekn  (F(p(t)) = f(p(t))-¢'(t), T0 (F(e(t)) € mepBicHOWO mis GYyHKIII
f(p(t))-¢'(t), ne te[a; B]. Tomy 3a Gopmystoro Herorona — JIeHOHILsS Maemo

B
[ f(p®)-¢'(t)dt = F((p(t))lg =F(o(p)) - F(p(a)) =

=F(b)-F(a)=f(9).
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Hpuxaaa. O6uncuTr j Jx dx.
11+\/;
Po3B ' sizannst.  DyHKIrisn f(x):l\/—i(/_. HerepepBHA Ha  BIIPBBKY[L4].
++/x

Beaxatumemo, mo x=t°. Toxail HOBI MeXl IHTErpyBaHHS BU3HAYAEMO 3 PIBHSHb
1=t2, 3Binku t,=1 i 4=t°, 3Binku t,=2. OyHKIL1 x=t* HErepepBHa Pa3oM 31 CBOEIO
MOXIHOKO X' =2t Ha BiApi3KY [1;2], mpuuomy 1i 3HAYCHHS HE BUXOAATH i3 BiIpi3Ka
[1;4]. Tomy

i xx —2Tt2dt —2Tt2 ‘1+1dt=2j(t—1+ijdt=
1

V144X 14+t 1 14t t+1

2 2
Y e [T =2 2-2+m3-L 412 ] =142 3,
2 1 2 2

IHTerpyBaHHsl YacTHHAMHY BH3HAYEHOT0 iHTerpaJja
Sxmo ¢ynkiii U(X) i V(X) HenepepBHi pa3oM i3 CBOIMU MOXITHUMH MEPIIIOTO
nopsaaKy Ha BimpisKy [a;b], Tomi (uv) =uv+uv'. InTerpyroum oOMIBI YacTUHM
PIBHOCTI Bif @ 110 b, OTpuMaeMo

b b b

I (uv)'dx = ju’vdx +I uv'dx.

a A a ba
OCKUIbKH JA (u)'dx=uv+C, 10 _[ (uv)'dx = uv| o 3BiIKH

jludv = uv|:1 - .Tvdu. (10.5)

®opmyny (11.5) HazuBaOTh (QOpPMYNIOI0 IHTErpyBaHHSI YACTHHAMM J1JIA
BH3HAYEHOTO iHTErpaJia.

1
Hpuknax. O6uncauTh I xe *dx.
0

PosB'szanns. Oynkuii U = X iV = -€°  HemepepBHi pa3oM i3 cBOiMHU
noximHuMHu U'=1 1 v'=e™™ Ha BiIpBBKY [O; 1], 0TXXe 3a (OpPMYJIOI0 IHTETPYBAHHS
JaCTUHAMH

1 o u=x; du=dx 1 L ”
xe *dx = _ _ |=—xe” —j—e‘ X =
! dv:exdx;v=jexdx:—eX o J
1 2
=—e'-e”| =-e'-et+e’=-2e"+1=1-".
e

IuTaHHA 1715 caMonepeBipKu
1. ChopmymntoiiTe OCHOBHI BJIACTUBOCTI BA3HAYEHOTO IHTErpaa.
2. SIkuii reoMeTpUYHUIN CEHC BU3HAYEHOTO IHTErpasa?
3. Sk OOUHCIIOETHCS BU3HAYCHUH THTETpa?
4., SIlkuM 9MHOM POOUTHCS 3aMiHA 3MIHHOT Y BU3HAYEHOMY IHTErpasi?

5. Sk Burnsnae ¢Qopmyna IHTErpyBaHHS 4YacTUHAMHU JUJII BH3HAYEHOTO
IHTerpaa?
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JIEKIIA 11
11.1 T'eomerpuyuHE 3aCTOCYBAaHHS BH3HAUYCHHMX IHTerpamiB. Ilmomma KpuBOMHIMHOT

Tpanertii
11.2 O6’em Tina oOepTaHHs
11.3 JloBxnHa Ayryd KPHBOi Ta IUIOIIA TOBEPXHI 00EpTaHHS

11.1 'eomeTpH4Hi 3acTOCYBAHHS BU3HAYEHOI' 0 iHTErpaJy.

O04ucaeHHS IO TJIOCKOI (irypu
Bunaaok npssMOKYTHHX KOOPAUHAT
Sk Oyn0 BCTaHOBJEHO (IMB. TEOMETPUUHMI 3MICT BU3HAYEHOIO IHTErpasna)
IUIOLIA KPUBOJMIHIMHOI Tpanelii, ska oOMexeHa rpadikoM HENEepepBHOI Ha BIIPIBKY
[a;b] dyHkuii y=f(x), opsmumu x=a, x=b i Bigpiskom oci Ox (puc.11.1),
00YHCTIOETHCS 32 POPMYIIOI0

S= j f (x)dx | (11.1)

SIkIo KpHBOJIiHIMHA Tpariellis po3TaloBaHa Huxk4e 3a Bick Ox (f(x)<0), To ii
IUIOLIA BU3HAYAETHCS 3a (OPMYIIOI0

S :—jf(x)dx.

b
V 3araabHOMY BUIAAKY S = I| f (x)|dx..

Sxkmo maocka ¢irypa oOMexeHa
vl y= .0 kpuBumH Yy = f (x) 1 y= f,(x), mpuaomy

/\/ Ha Binpiky [a;b] f,(x)> f(x) (puc.11.1),

TO 1i MJIOTITy BU3HAYAIOTH 3a (GOPMYJIIOIO

VCW S= j" f, (x)dx —i f,(x)dx = .T (f,(x)— f.(x))dx

TOOTO

s=[(L00-foodk.  (11.2)
Puc.11.1 :

Bunagok mapamMeTpu4HOrO BU3HAYeHH QYHKIII
Hexait kpuBomHIIfHA Tparmerlis oOMeXeHa KPUBOIO, SKa 3a/laHa MapaMeTpud-
HUMH PIBHIHHSIMH

{X:m’ tefas]

y=yw(1),
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(me p(a)=a, ¢@(B)=b) 111 napaMeTpu4H1 PIBHSIHHSA BU3HAYAIOTh JEAKY (PYHKILIIO
y=f(x) Ha Bigpi3ky [a;b]. Omxke, mioma kpusomiHiiiHol Tpameuii Moxe OyTn

b
o0Ouuciena 3a Gpopmysor S =| J' f(x)dx |.

3poOuMoO 3aMiHy 3MIHHOT Yy 1IbOMY IHTErpaj, MOKJIagaluu X =o(t),
dx =¢@'(t)dt. Ockutbku y= f(x)= f(p(t))=w(t), TO PopMyna MIOIIl KPUBOIIHINHOT
Tparelii, KOJIM KpuBa 3a7aHa y mapaMeTpuuHii (popMi Mae BUTJIISIA

B
S = [yttt . (11.3)

Bunajok moJisipHoi cuCTeMH KOOPAHHAT

Bu3HaunMo TI0TIy KPHBOJIHIHHOTO CEKTOpa, TOOTO IUIOCKOI (irypu, sika
oOMexeHa HeTepepBHOIO JIHIEIO I =r(p) 1 ABOMA palilyC — BEKTOpaMU ¢p=a 1 ¢=f3
(puc.11.2).

Po310’eMo  kpuBOmiHIMHIA cektop OAB
pamiyc  —  BEKTOpaMH  @=a =g,
@P=@,...¢0=@ Ha n 4YaCTUH JOBUILHUM
yuHoM. ITnomy cekropa AS, (i=12,...,n),
0 BIAMOBizae MPOMDKKY KyTiB [¢ ;]
BU3HAYMMO SIK IUIONIy CEKTOpa Kpyra 3
paztiycom r(¢), 1e ¢ €[¢1;0], 10610
1

AS =2 r’(o)Ag, (Ap =9 —p.,).

Puc.11.2

. . -1, .
CxrnaneMo HTErpagbHy  CyMy ZASi :erz(@ JAp,. Ii rpanuns mnpu
i=1

i=1
max Ag, — 0 (n — o0) € BU3BHAYEHUM IHTETPAJIOM 1 J1a€ oy cekropa OAB.
Otxe, hopmyna IO KPUBOIIHIHHOTO CEKTOPA MA€E BUIJIS

1 B
5= j r*(p)dg. (11.4)

Hpukaan. O6uucoutu oty ¢Girypu, sika oOMexxeHa JieMHickatoro bepHyii

r= aa/cos 2¢ .

Po3p’si3anns. Skmo nonspHuil Kyt 3MiHtoeThes Bin 0 1o 7 /4, 1o paaiyc —
BEKTOP OIMUCYE 00JIaCTh, IJIOIIA SKOI JOPIBHIOE YBEPTI ITyKaHOi 1ol OTxke,

1 rl4 l4 1 ) 72_/4
S=4-Z | rl’dp=2| a*cos2¢pdp =2-=a’sin2 =a’
> ! @ ! wdp=2.2 9| 0 (KB.OZL.).

11.2 O0’em Tina odepranHs
O04ucyeHHs 00’emMy TijIa 32 IUIOIIAMH NIApaJieJIbHUX Nepepisis
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R Busnaunmo 06’eM V Tina, SIKIIO BimoMa
II0IIa Mepepi3y MbOTo Tila TUIOIIN HOTO,
gKa TEepHeHIuKyIsapHa 10 oci Ox:

S(x) S=5(x), a<x<b (puc 11.3).

[lpunmyctumo, 1o @yHKUL S =S(X)

«  HemepepBHa Ha [a;b].

3HOB 3aCTOCYEMO CXeMy IOOYZOBH

IHTETpATbHUX CyM, sika 0a3yeTbCs Ha
O3Ha4Y€HH1 BU3HAUYCHOTO IHTErpasa.

/ Jnst 1boro po3io’eMo TUIO TUIONMHAMH

X=X, =85, X=X,..,X=X, =D HA 7

JACTHH.

Puc.11.3

BuGepemo Touky & €[% ;%] (i=12,..,n) i moOyayeMo MWIITHAPUYHE TiIO,
TBIpHA SKOTO MapaienbHa oci Ox, a HanpsiIMHA € KOHTYPOM Tepepi3y Tila TUIONMHOO
x=¢&. O0’eM TakoTo WTHAPY AOPIBHIOE S(&)AX , 1€ AX =X — X, . Lllykanuii 00’ em
V nopiBHIOE TpaHHIi iHTerpanbHOi cymu QyHKIi S(x) Ha Binpi3ky [a;b]:

V= lim > S(&)Ax,

max Ax; -0
(n—>w) i=1

TOOTO
b
V= j S(x)dx . (11.5)

00’em Tita o0epTaHHs
Hexait HaBkoJio oci Ox o0epTaeTbCcsl KpUBOJIIHIMHA Tpareliisi, sika oOMexeHa
HenepepBHOO JiHiero Yy = f(x), f(x)>0, npasmumu X=a, x=b iBigpBKoM oci Ox.
[lpy 11bOMY YTBOPIOETBCS TUIO, SIKE HA3WBAIOTh TiIoM oGeprannsi (puc.l1l.4).
[lepep13 upOro TiMa IJIOMIMHONO, MEPIEHAUKYIJISIPHOIO ocl Ox, sika MPOBEIEHA Yepes
JIOBUTbHY TOYKY X oci Ox, siBIsie c00010 KoJIo paaiyca y = f(x), ToOTO #oro mioia

S(x) =zy°.

3actocoByroun  (Gopmyiay ob0’emy TUla  3a
TIOMIMHOIO MapaJieIbHUX Mepepi3iB, OTPUMAEMO

b
V, =z [ yidx, (11.6)

Slkmo  KpuBOJIHIMHA ~ Tpameuis — oOMexeHa
rpadikoM HenepepBHOI QyHKI X =¢(Y), ¢(y) =01
npsmumu X=0, y=c, y=d (c<d), To 06’eMm Tina

Puc.11.4 0o0epTaHHsl KPUBOJIHINHOI Tpareliii HaBKOJO OCl
Oy, NOpIBHIOE
d
Vy = 7[_.. dey ) (11_7)
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Ipuknan. 3HaiiTh 00’eM TiTa, SIKE YTBOPIOEThCS oOOepTaHHAM Girypu
0OMEKEHOT JIHIIMHI X =2y, y=22 HaBkoso oci Oy (puc.11.5).

Po3p’si3anns.
y CxopuctaeMoch (hopMYJIIOH0
s d
) > 2 Vyzﬁszdy,
Yy=— c
2 TOOTO
242
22
Vy=ﬂ‘[2ydy—ﬂy2‘ =8r
0 O
0] X‘

Puc.11.5

11.3 loB:xMHA AYTH KPUBOI TAa ILUIOIIA NOBEPXHi 00epTaHHA

OO0unc/IeHHS T0BKUHH 1YT'M IUIOCKOI KPHUBOI

Bunajok npssMOKYTHUX KOOPAHHAT

Hexail B npsIMOKYTHHX KOOpAMHATax JlaHa IJIOCKa KpuBa AB, pIBHSIHHS SKOi
y=f(x), 1c a<x<b (puc.11.6)

M., Al M, ITin  noBxkuHOIO Iyru KpuBoi AB

M, Y=T(X)  posymirors rpanuuro, 10 sKOi mpIMye
JIOBKHMHA JIJaMaHOI, IO BIIMCAHAa B IO
JyTy, KOJM JIOBXXKMHA 11 HaWOUIbIIOT
JIAHKH OPSIMYE JI0 HYJIA.

Hexait ¢ynkmis y=f(x) Ta ii

MOXilHA HemepepBHi Ha BinpBBKy [a;b].
Tomi JTOB)KUHA JyTU KpUBOL
y = f (X) 1opiBHIOE

N b
a X, X1 X K= | = j 1+ (f'(x))%dx . (11.8)

Puc.11.6

Nosenennst. Poszi6’emo Binpizok [a;b] Toukamm a= Xy, X, Xy, .. X, 4, X, =D
(a=x, <X <X <..<X,,<X,=b) Ha N gOBUIbHMUX uacTUH. Hexai UM TOYKAM
BIIMOBINAOTh TOYKU My, M,,.,M  Ha kpuBii AB, nmpuuoMmy Touku M, 1 M,
CIIBIIQAAIOTH 3 TOYKaMU A 1 B BinnoBinHO. [IpoBenemo xopau
M,M;, M\M,,...M M, NOBKUHU AKUX NO3HaYUMO uepe3 Al,Al,..., Al . JloBxunHy
Al (i1=12,..n) xopau M, ;M, Bu3Haunmo 3a Teopemoro Ilidaropa :

Al = (A2 +(AY)? , me A =% —X;, Ay, =f(x)—F(X,).
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3a TeopemMoro Jlarpanka po CKIHUEHHI IPpUpOCcTH PyHKLI Ay, = f'(&)AX,, 1e
& (X% ). Tomy

Al = (M%) +(F/(E)A%)? = 1+ (F(£))? - Ax,,

A OB)XHHA BIIMCaHO1 JamMmaHoi M,M,..M, J0pIBHIOE

, :Zn:AIi =_i./1+(f'(§i))2 LA,

3a yMoBOIO f'(X) HemepepBHA, TOMY (PYHKIIIS 4/1+(f’(§i))2 TEX HENepepBHa.

n

Omxke, iCHye IpaHuLs iHTerpanmbHOi cymu Y Al, Ko maxAx, —0, To6TO icHye
i=1

BU3HAYCHUN HTETpal:

I= lim OZAI im Oj/u(f'(a;))2 L AX, :T4/1+((f'(x))2dx,

(n—>oo) (n—®) =

TakuMm ynHOM, Maemo (HOpMYITy JOBKHUHU IYTH KPUBOI

I :I:«/l+(f’(x))2dx abo y ckopoueHOMY BUrJIiAl | = J.:«/l+(yx')2dx .

Bumnajok napaMeTpU4HOTO 3aIaHHSI KPUBOI
Sxio KprBa 3ajaHa mapaMeTpUIHUMHE PIBHAHHIMU

x=o(t), .
bive, el

ae x(t) 1 y(t) — HemepepBHI (PyHKIIi 3 HEMepepBHUMHU MOXITHUMHU 1 ¢(a)=a,
o(B)=b. Toxai nopxuna | kxpuBoi 4B Bu3HAUAETHCS 32 (POPMYIIOIO

1= [y + (v @) (11.9)

[0 popmyiry MoxkHa 3100yTH 13 (POpMYIIM JOBXKUHU TyTU KPUBOI, SIKA 3a/1aHa
B IPSIMOKYTHHX KOOPAMHATAX, 33 IOTIOMOTOTO IMiICTAHOBKA

0, dx=x(dt, /o)=L
x=X(t), dx=x(t) '(x) TR

Bunaaok noJispHoi cHCTeMHU KOOPANHAT

Hexail xpuBa AB 3amaHa pIBHAHHAM I =r(p) Yy MOJSPHUX KOOpAUHATAX, /1€
byHKII r(p) 1r'(p) HEEPEePBHITIPU a < p < f3.

Akmo B Qopmynax mnepexoay BiI MOJSPHOI JO MPSMOKYTHOI CHCTEMH
KOOpPJIMHAT X =rCOS®, Y=rSiNng NapaMeTpoM BBaXaTu MOJSIPHUI KYT ¢, TO KPUBY

_ {x:r(qo)cow,
MO>XKHAa BU3HAYUTH NapaMETPUUHUMMU PIBHSIHHIMU .
apamerp p y=r(p)sing.
Tomi
X, ==Tr'(p)cosp—r(p)sing,
y, =r'(p)sin g +r(p)cos .
Tomy

JOO +Y,) =
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= J(r'(¢) cos p— () sin @)? + (r'(¢)sin g+ r(¢) cos )’ =
=J(r'(@)* +(r(@)* .

Omxe, hopmysa TOBXKHHH AyTH KPUBOT MA€ BUIJIST
B
=] Jre+ride. (11.10)

Tpuxian. 3HalTH TOBXHUHY TyTH Kapaioiau r = a(cosp+1), ¢ €[0;27].

Posp’s3anns. 3a Qopmysnoro JOBXHHM AYTM KPHUBOI y MOJSPHIA CUCTEMI
koopauHar (6.13) maemo

| = 2J?\/r2 +r'de= 2Jir\/(a(l+ cos )’ +(a(=sinp))’dp = azfa/2+ 2c0spd =

_ 2@ (0277_
aj,#Z 2c0s —dq) 2ajcos p=4a- smz‘ 0 =8a.

IL1oma noBepxHi o0epTaHHs
[noma moBepxHi, YTBOPEHOI 00€pTaHHAM HaBKOJO ocl Ox Iyru TJaAKoi
kpuBoi Yy=f(X), MDK TOUKaMH X=a 1 X=6 OOYHCIIOETHCS 32 (POPMYJIIOIO:

S, = 27[.? y(X)1+(y' (%)) dx.. (11.11)

Sxmo cnpsiMiroBaHa KpuBa 3ajana piBHIHHEIAM X=X(1), y=y(), me X(t) 1 y(t)
— ¢yHKIII HETepepBHI pa3oM 13 CBOIMH MOXITHUMH TEPIIOTO TMOPSAKY Ha BIIPIBKY
[t;;t,], ToO oA MOBepXHi 06EpTaHHS BUSHAYAETHCS 32 (HOPMYJIOTO:

S, =2y (%) +(n ) .

Ko kK cnpsiMIIIOBaHa KpUBA 33/1aHa PIBHSIHHAM r=r(¢p), A€ r(p) — QyHKII
HEMepepBHA Pa3oM 13 CBOEIO TIOXITHOIO MEPIIOTO MOPSAAKY Al a <@ <, TO IUIOILY
MOBEPXHI, YTBOPEHOi 00epTaHHAM I1i€i KpUBOI HABKOJIO TMOJIIPHOI OC1, OOUHCIIOEMO

3a (GopMyJIOIO:
S, _27z'|'r(go)smqp,{r +( )dgp

Hpuxaan. OOGYKCIMTH TUIOINLY TOBEPXHI, YTBOPEHOT OOEpPTaHHAM TapadoJu
y?=4ax HABKOIO OCi abCIC BiJ| BEPLIMHK 10 TOUYKH 3 a0CLICOI0 X=3d.
Po3p’sizanns. [loBepxHs oOepTaHHs mokazaHa Ha puc. 23.8. I3 piBHsAHHSA
X+a

% \/\/: al+(yx)) —1+%=T.

napabomu y=2va-J/x. Toxmi y'(x)=
ny
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Puc. 11.7

[Tnoury noBepxHi o6epTanHs oOurcInMo 3a popmynoro (23.11), BpaxoByrouwu,
mo 0<x<3a:
3a

3
3a 3a 2
Sy = 22|24 V- 2R = dma [V adsaya 20D zsﬂf(sm_a@):i;ma
0 X 0
0

InTanus Ay camonepeBipKu
1 Sk oOGuncmoeThcsa tioma (irypu, oOMEXeHOI KpPWUBOIO, sAKa 3aJaHa Y
JEKapTOBUX KOOPJIWHATAX, TAPAMETPUIHO ab0 y MOJSIPHUX KOOpIMHATAX?
2 SIx O0OYHCIIOETBCA JIOBXKMHA KpHUBOI, sKa 3aJaHa y JEKapTOBUX
KOOpJMHATaX, MapaMeTpUIHO a00 y MOJIIPHUX KOOpAUHATAX?
3 Sk oOumucIrOETHCS 00’ €M Tia 0OepTaHHA?

JIEKIIA 12
HesJiiacHi inTerpaJm
12.1 HeBnacHi iHTerpaim 3 HECKIHUCHHUMU TPAaHUIIMU IHTETPyBaHHS
12.2 HeBnacHi iHTETpaaM B HEOOMEKEHUX (PYHKITIHA

12.1 HeBJjiacHi iHTerpaiu 3 HeCKiHUeHHUMU IPAHULSIMYU iHTerpyBaHHA

HeBnacHumMu  IHTerpanamMyd Ha3UBAaIOTh IHTETPAIA 3  HECKIHUCHHUMU
NPOMDKKaMU iHTErpyBaHHsI (IHTerpajm 3 HeCKiHUeHHUMH MeKAMH iHTerpyBaHHS )
1 HTerpaym Biln HeoOMexeHuX ¢QyHKHI (iHTerpaau Bin QyHKUiH, AKI MalOTh
HeCKiHYeHHU i Po3puB).

Hexaii dynkuis f(X) Bu3HaueHa Ha NPOMDKKY [aj+c0) Ta iHTerpoBaHa Ha
Binpisky [a;b] mpu Oyab-skomy b>a. Toxi BU3HAYEHMH IHTErpal jb.f(x)dx icHye npu
Oynp-skoMmy Db>a i, omke, BIH € Heiko (YHKIIEO Bil ba, BU3HAYCHOIO HA
MIPOMDKKY [ a;+00) , TOOTO I(b):Tf(x)dx.

Sxmo ¢ynkuis |(b) mpu b — +oo Mae ckiHueHy rpaHuIio A4, TO IF0 TPAHUITIO
HA3MBAIOTh HEBIACHUM iHTerpamoM Bin Qymkmii f(X) Ha mpomikky [aj+o0) i

+00

IMO3HA4YarTh I f (x)dx.

Taxkum YHWHOM, 34 O3HAYCHHAM

+00 b
j f(x)dx= lim j f (x)dx.
a b — +oo2
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[Tpu 11bOMY BBa)KarOTh, 110 HEBJIACHHM IHTETpasl J. f (x)dx 30iraeTbcs (10 Uucaa
b
A). SAxwo x ¢pyskuist (b)) = j f(x)dx mpu b-—> -+ HE Ma€ CKIHYEHOI IPaHMlll, TO Y

+00
IIbOMY pa3i BBAKaIOTh, ITI0 HEBJIACHUH IHTETpa j f (x)dx po30iraeThes.

a

b
AHaIOTTMHO BU3HAYAETHCSI HEBJIACHUM IHTErpan BUIILIAY J f (x)dx. Komm

¢yukuis f(X) Bu3HaueHa B IPOMBKKY (—oo;b] Ta iHTErpoBana Ha Bigpi3Ky [a;b] mpwu
Oynp-sikoMy a<b, TO 3a 03HAYCHHSIM

jl f(x)dx= lim j‘ f (x)dx.
= a— —o0?

b
Hepnachuwmii iHTerpan jf(x)dx HAa3MBalOTh 30DKHUM, SIKIIO ICHYE CKIHUEHA
IpaHulif, 10 CTOITh y MpaBil YaCTHHI MOMEPEAHBOI PIBHOCTI, 1 PO3ODKHUM, SKILIO
TaKoi CKIHUEHHOI TPaHUIll HE ICHYE.
Hapemri, skmo ¢yukmis  f(X) Bu3HaueHa Ha MPOMDKKY (—o0j+00), TO 3a

O3HAYCHHSM,

j f (x)dx = j f (x)dx + j f (x)dx = lim j f (x)dx.

b—>+oo a

+o0
7€ ¢ — JIOBUIbHE CTajie YKCJIO, NMPUYOMY HEBJIACHUH IHTErpas J f (x)dx Ha3WUBaIOTH

—00

36DKHI/IM SAKIIO 301rafoTbCs 06HI[Ba HCBJIaCHUX lHTeraJII/I SIK1 CTOSTH y HpaBII/I
YaCTHHI BUIIIC3a3HAYCHOI p]BHOCTl ﬂKHIO X l'IpI/IHaPIMHl OaUH 3 11050,¢ II-ITGFpaJ'IlB

pO30iraeTbCsi, TO HEBJIACHUM IHTErpal I f (X)dx Ha3WBaIOTh PO3ODLKHUM.
O3Haku 30iKHOCTI HEBJACHHUX iHTerpajiB i3 HeCKiHYeHHMMM TIPaHULSAMH
iHTErpyBaHHS

1 Sxmo f(X) i p(x) — aBi HeBin’ emui GyHKII HA TPOMDKKY [a;+00), iHTErpOBaHi
Ha Binpi3ky [a;b] mpu Oymp-sxkomy b>a, i gaxmo f(X)<@(X) a1 a<a, <X<+w, TO

+00
13 30DKHOCTI HEBJIACHOTO IHTErpaja j o(X)dx, BUIUIMBAE 30DKHICTH HEBJIACHOTO

+00

+00
IHTETpaa jf(x)dx, a 3 po30DKHOCTI HEBJIACHOTO IHTErpaja I f (xdx) BHIUIMBaE

a

+00
PO30DKHICTh HEBJIACHOTO IHTErpasia I(p(x)dx.

a

85



o) _

im -
2 SIxmo f(x)
X —> +00

npudomMy C>0, c#ow 1 f(x)%0 I BCIX JOCTATHBO

BEJIMKUX X, TO HEBJACHI IHTETpalln J.f(x)dx [ j p(x)dx abo oOuaBa 30iraroThCs, abo
o0uBa pO30IrarOThCH.
3 Skmo 30iraeTbcs J' f(x)dx, TO 30Iraerbcs 1 jcf (x)dx, me ¢ — BeIMYHUHA

cTaja.
4 Slkmo ¢ynkmin f(X) BH3HAYeHA HA TMPOMDKKY [a;+c0) Ta iHTErpoBaHa Ha
Binpi3ky [a;b] mpu Oyme-sikomy b >a, TO 13 30DKHOCTI HEBIACHOTO IHTErpaia

+00 +o
I|f(x)|dx BUILIMBAE 30DKHICTD 1 HEBJIACHOTO IHTErpaja I f (x)dx, mpuyomy
a a

Tf (x)dx

+00
< [|f (0]elx.
a
400
3ayBaKMMO, IO HEBJIACHUM IHTETpas jf(x)dx Ha3UBAIOThL a0COJIFOTHO
a

30DKHUM, SIKILO 301ra€ThCs IHTErpal _[| f (x)|dx.

a
SKmo X HEBIACHUM IHTErpa _[f(x)dx 301raeThCsi, a IHTErpal j|f(x)|dx

+00

pO30iraeTbCsi, TO HEBJIACHUM IHTErpal I f (x)dx Ha3UBalOTh YMOBHO 30 DKHUM.

5 Hexait pynkuis f(X) neBin’emua Ha npoMikky [a;+00) (a >0) i inTerposana
Ha BiIpBKy [a;b] npu Gyas-axomy b>a.

c
Axmo f(x)< — and  a<a, <X<+oo, € ¢ — KOHCTaHTa, a YUCJIO « >1, TO
X

+o0
HEBJIACHUU HTETpaj If(x)dx 30racTbes.

a
c
Sxmo x f(x)> — 11 a<a) < X<+400, 1€ ¢ —KOHCTaHTa, a YUCII0 « <1, TO
X
+00
HEBJIACHUI IHTETpal I f (x)dx po30iraeTbes.
a

3amiHa 3MIHHO1 y HEBJIACHOMY IHTerpaJi

Hexaii ¢ynkiis f(X) Bu3HaueHa i HemepepBHa mpu x>a. SKmo QyHKITsS
X=¢(t), sKa BH3HAUCHa Ha TMPOMIKKY a<t<pf (¢ 1 p MOXyTh OyTH 1
HECKIHUEHHUMH), MA€ HENEPEPBHY MOXIHY ¢'(t)=0 i Jim o(t) =a, tE;nﬁoqo(t):wo,

+o0 B
to [ f(X)dx={ f[p)p @)t

86



o . T odx
Hpuxaan. OOUKCINTH HEBJIACHUHN IHTETpa j 3y
xIn® x
eZ
Po3p’s13aHHs. 3a 03HAYCHHSAM
. . . b .
*jf dx lim I dx lim 1 lim 1 1) 1
_— _— _— = —_— ===
2xIn®x b— 4o xIn®x b—+0| 2In°x|,| b+l 2In*b 8) 8

e
Omxe, manuit iHTErpaji 30iracThes.

Hpuxaan. Jlocainuty Ha 30BKHICTH HEBJIACHUM HTErpas j

dx
1+ xS

Po3p’si3anns. IliniHTerpanpHa QyHkiia f(x) = \/1_4 >0 Ha IPOMDIKKY [L;0)
1+x
(@=1>0) i f(x)= 1 __ L __ 1 <X—12 pU X —> 0.

4
B e
X

BpaxoByroun o3HaKy 5 30DKHOCTI HEBJIACHMX IHTErPaIiB, BUXITHUN IHTErpa

Todx . 1 1 .
30iraeTbcs, 00 f(x)=—— <= 1 c=1 (c=const), a=2>1.
'!. 1+ x* Vi+xt X

0

. . . . dx
[HnmMu  cioBaMu, 13 30DKHOCTI OUIBIIOTO HEBJIACHOIO IHTErpaia I—Z
X

1

L : Toodx
BUILIMBAE 30DKHICTH MEHIIIOTO HEBJIACHOTO IHTErpasa I :

1 V1+ X4

12.2 HeBJjacHi inTerpaau Bix HeoOMe:ReHMX (PyHKIii

Skmo pyuxuin f(X) He oOMexeHa B Oyab-IKOMY OKOJIi TOUKH C Binpizka [a;b]
1 HENEpEepBHA MIPU a<X<C 1 c<x<b, TO 3a O3HAYECHHSIM

jf(x)dx— lim jf(x)dx+ lim j f (x)dx,
g—07° g, —> 0

e & 1 &, 3MIHIOIOTBCS HE3AJICKHO OJTHE Bi,Z[ oJlHOTO. Y BHMAJIKy c=6 ab0 c=a

j f(x)dx = lim j f (x)dx.

c—>0a
abo

j f(x)dx = lim j f (x)dx.
& —>Qa+e

Akmo TpaHuIll, SKi CTOSATh y IPaBUX YaCTHHAX TOMEPETHIX PIBHOCTEH,
b

ICHYIOTh 1 CKIHUEHI, TO HEBJIACHUH HTErpa j f(x)dx Ha3UBaIOTH 30LKHUM.

a

87



Skmo K 1l TpaHWIl HE ICHYIOTh a00 JOpIBHIOIOTh HECKIHYEHHOCTI, TO
b

HEBJIaCHUU THTETpaj J'f(x)dx HA3UBAIOTh PO3ODLKHUM.

a

b
[TigkpecmMo, 10 HEBIACHUH THTETpas J'f(x)dx HA3WBAIOTh 30DKHUM JIMIIIE B
a

TOMY BHUMAJIKY, KOJIX OOW/IBI FPAHUII IPaBOi YaCTUHU ICHYIOTh 1 CKIHUECHL

Skmo >k mNpuHAWMHI OJHAa 3 IMX TpaHMIL HE ICHye abo JOpPIBHIOE
b
HECKIHYEHHOCTI, TO HEBJACHUH IHTErpal f f(x)dx Ha3WBaAIOTH PO3OLKHUM.

a

3ayBa)KuMo, 110 NMO3HAYEHHSI HEBJIACHOTO IHTErpasia Bifg HeoOMekeHOoT PyHKIIi
3a (popMOIO HE BUIPIBHIETHCS HIYMM BI TIO3HAUYCHHSI BU3HAYEHOTO IHTErpaia. Tomy,

b
mo0 po3pBHUTH, Oyae IHTerpanl If(x)dx BU3HAYEHUM UM HEBJIACHUM, Tpeda

niepeBipuTH, Oyze un Hi pynkuis f(X) iHTerpoBanoro Ha Binpisky [a;b].

Skmo dyukuis f(X) HeoOMexeHa Ha IPOMDKKY [a;d) a0o Ha IPOMDKKY (a;b]
b
abo B OyJb-IKOMYy OKOJI TOYKM C BigpiBKa [a;b] To iHTerpan jf(x)dx Oyne

HEBJIACHHUM.

Bigzaauumo Takox, 1mo ko ¢pyskimis f(X) HeoOMexeHa B Oyab-SIKOMY OKOJII
TOUKM C BigpiBka [a;b] ¥ icHye HenepepsHa Ha [a;b] dymkuis F(X) Taka, 1o
F'(x)=f(x) mpu x=#c, TO

j f (x)dx = F(b) - F(a).

O3HakH 30i’KHOCTI HEBJIACHUX iHTerpasiB Bill HeOOMeKeHUX (PyHKIII
1 Sxmo f(X) i ¢(x) — aBi HeBin’ emHi HeoOMexXeHi QyHKILII Ha iHTepBaii [a;b)
iHTErpOBaHi Ha KOKHOMY BiIpi3Ky [ajb—g] e O<e<b-a, i aKmo f(x)<ceo(x)

b
sl a<a, <x<b,Je ¢ — KOHCTaHTa, TO 13 301KHOCTI HEBJIACHOTO IHTErpasa j(p(X)dX
a
b
BUIUIMBAE 30DKHICTh HEBJIACHOTO J.f(x)dx, a 3 pO30DKHOCTI HEBJIACHOTO IHTErpaa
a

b b
J‘ f (x)dx BUIIIMBAE po30DKHICTH HEBJIACHOTO IHTETpaja I p(x)dx.
a a

2 Hexait f(X) meBin’emHa i HeoOMexeHa Ha iHTepBani [a;b) Ta iHTErpoBaHa Ha
KOXHOMY BiIpi3Ky [a;b—¢], ne O<es<b-a.

SIkimo icHyroTh Taki uncna a, €(a;b), M>01i 0<a <1, mo 0< f(x) <

TUIS

M
(b—x)*

b
a, < x<b, ToO HEBJIACHUII IHTErpall J' f(x)dx 30Iraerncs.

a
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SIKio icHyIOTh Taki uucia a, € (a;b), M>0 i «>1, mo f(x) >ﬁ
—X
b
a, <X <b, TO HEBJIACHUI IHTErpail j f (x)dx po3OiraeTnes.

a

3 Hexaii f(X) Bu3HaueHa Ha mpOMDKKY [a;b), HEOOMEkKeHa Ha ILOMY MIPOMDKKY
il iHTerpoBaHa Ha KO)KHOMY BIIpBKY [a;b-¢], Ae O<e<b-a.

b
SIkIo 30IraeThCsi HEBJIACHUM IHTErpas I |f(x)|dx, To 30iraeTbcs i HEBIACHUH
a

b
IHTETpajn j f (x)dx.

b
Binznaunmo, 1m0 B IbOMY BHITQJKy HEBJIACHUH IHTErpa J f (X)dx Ha3MBaKOTh

a
b

a0COJIIOTHO 30DKHUM. SIKIIO K HEBJIACHUM IHTErpal j f (x)dx 30IraeThcs, a HEBJIACHUI

a
b b
IHTEerpain j|f(x)|dx pO30ira€ThCs, TO HEBJIACHUH IHTErpa If(x)dx HA3UBaIOTh
a a

YMOBHO 30 DKHHIM.

Sk OaumMmo, O3HaKM 30DKHOCTI HEBJIIACHUX IHTErpaiiB Bl HEOOMEKEHUX
¢yHKI1 OaraTo B 4OMYy aHAJOTITUHI 10 BIANOBIAHUX O3HAK 30DKHOCTI HEBJIACHUX
IHTErpajiiB 13 HECKIHUEHHUMU NPOMDKKAMU IHTETPyBaHHS.

8
o dx .
Hpuxkaan. Ilokasatu, 10 HEBIACHUN HTErpal J.T 301ra€eTbCs.
X
-1

Po3p’si3anns. IliniHTerpanbHa QyHKIIA f(x)=i HE OOMexeHa B Oyab-

Ux
AKOMY OKOJI Touku x=( 1 HemepepBHa npu —-1<x<0 1 0<x<8. OTxe, MaEMO
HEBJIACHUI HTErpaJl B1l HEOOMEXKEHOT (PYHKIIIL.
CKOpUCTaBIIMCh O3HAYEHHSM HEBJIACHOTO IHTErpaja Bl HEOOMEXKEHOI

(bYHKIII, OIepKUMO

- 8
T%_ lim T%+ lim T%_ im 3 20 | imo (g |
j{/} 51—>0,13{/§ &0y, Ux &0 2 1 & —0|2 04 e
2
3 lim , )
== 2 3 lim 2) 3 9
—e)s -1+ 4-(e,)s | =2(-1+4)=2.
26, >0k -1)ed M [a-(e) =S 1ea)=3

Taxum unHOM, 1aHuM HTErpas 30iraeThCsl.
. ¢ dx y
Hpukaax. OOYMCIUTH HEBIACHUMN THTErpaj J.I— a00 BCTaHOBUTHU HOTO
xIn x
1

PO30DLKHICTD.
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1

xIn x
x=1, gKa cImiBOagac 3 HUKHBOIO TPaHHULIEIO iHTel“p}IBaHHSI, npuaoMy npu x—1

Posp’si3anns. IliniHterpanbHa QyHKI — f(X) = HE BU3HAUEHA B TOYLI

. 1
bynkuis f(x)= P HEOOMEeXeHO 3pocTae. ToMy 32 O3HaYEHHAM
XInX

% dx % dx ?
——=lim | ——=limIninx|  =lim(InIn2-InIn(1+¢))= oo
1)(|r])( 5—’01+8X|I']X -0 A &0

+&

TakuM 4yMHOM, JaHUN HTErpall pO30IraeThCA.

IMuTaHHA 115 caMonepeBipKu

1 Illo Ha3uMBalOThL HEBJIACHUM IHTErpajioM Bil 3aaaHol QYyHKIH 3
HECKIHUEHHUMH NPOMDKKaMHM IHTerpyBaHHs? [laTh reomerpuyHe TIyMadyeHHs Ta
HaBECTH MPUKJIAIA 30DKHUX 1 PpO3ODKHHUX IHTETPaiB.

2 CdopmymoBatd  O3HaKM  30DKHOCTI  HEBJACHMX  IHTErpajliB 13
HECKIHYEHHUMH MPOMDKKAMU HTErpyBaHHS.

3 Slkwuiif HeBIAaCHUH HTETpall HA3UBAIOTh A0COIOTHO 30DKHUM 1 SIKHii YMOBHO
30DKHIM?

4 Illo Ha3uBarOTh HEBJIACHUM IHTErPAJIOM BiI PO3pUBHOI (DYHKIII HAa JAHOMY
CKIHUEHOMY MPOMDKKY iHTerpyBaHHs? Hajgatu reomerpuyHe TIiyMadyeHHs 1 HABECTH
NPUKIAAN 30DKHUX 1 pO30ODKHUX HTETpaiB.

5 VYV sxomy BHMaJIKy HEBJIACHWH IHTErpan Bl HeoOOMexeHo1 (PyHKII MOKHA
obuncuty 6e3nocepeuno 3a Gopmysnoro Herotona —Jleitonins?

6 SIx BUKOHYETHCS 3aMiHa 3MIHHOT y HEBJIAaCHOMY iHTerpari?

JIEKIIA 13
Hudepenuianbhi piBHsHb | nopsaaky. 3agada Ko PiBHsSHHS 3
BIIOKPEMIIIOBAaHUMHU 3MIHHUMU. PIBHSIHHS, OTHOP1IHI BITHOCHO 3MIHHHX.

13.1 OcHoBHi oHATTS. JudepeniianbHi piBHAHHS TEpIIOro Mopsaky. 3amada Ko
13.2 PiBHSIHHS 3 BITOKpPEMJIFOBAHUMU 3MIHHUMU

13.3 PiBHSIHHS, ONHOPIIHI BITHOCHO 3MIHHUX

13.4 Jliniitni P iBHAHHS

13.5 PiBastnus bepnym

13.1 OcnoBHi nousaTT. {MepenuiabHi piBHAHHS NEepPLIIOTro NOPSAAKY. 3agaya
Komi

HudepeniianbHi pIBHSIHHSA CKIQJAAI0Th YHACIIOK MaTEMaTHYHOTO aHaI3y
3anayl.  BoHum BigoOpakaioTb OCHOBHY IHGOpMAIll0 Npo  Ha3arajibpHIiIIi
3aKOHOMIPHOCTI (IBUYHUX TpOIeciB abo sBUI, SKI € TOJOBHUM 3MICTOM
nocinypkeHHs. Hampukian, y 3amadax MeXaHIKM TBEpAOTo JehOopMOBaHOrO Tila
audepeHIianbH1 pIBHAHHS TEOPii MPYKHOCTI BIIOOpaXKaIOTh JIHIHHY 3aJISKHICTh MDK
HanpyXeHHAMU W nedopMalisiMu, Yy 3agadax TEIUIONPOBITHOCTI AudepeHIianbH1
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PIBHSIHHSI TEIUIONPOBITHOCTI IPYHTYIOTHCS Ha 3aJI@KHOCTI TEIUIOBOTO MOTOKY Bil
rpajieHTa TeMIepaTypu TOIIIO.

MaremaTuyHa MOJIEb TaKUX MPOIECIB — 1€ PIBHIHHS, SIKI MICTSTh HE TUIbKU
HEBIOMI (PYHKIII Ta apryMEHTH, a i MOXITHI BT UX (QYHKITIH.

O3navenHsi. /(udepenniaibHuM PpIBHAHHAM Ha3WBAIOTh PIBHSHHA, SKE
3B’s3y€ HE3aleKHy 3MiHHY X, HeBimomy ¢ynkniro Y= f(X) ta i1 noxigui

A y‘”) (abo mudepenitiamm).
CumBomnigHo AudepeHiiaTbHe pIBHIHHSI MOXKHA 3alMCATH TakK:

F(X, Y, Y', y”1 sy y(n)) =0. (131)

Skmo HeBigoMa (QYHKIIS 3aJEKUTh B  OJHOIO apryMEHTy, TO
audepeHLiabHe PIBHSIHHS HA3UBAlOTh 3BUYAWHUM.,

O3znavennsi. [lopsiakom mudepeHIiaTbHOTO PIBHSIHHSA HA3WBAIOTH IOPSIOK
HaBUIIOT NMOXAHOT (200 qudepeHItiana), aKy MICTUTh PIBHSHHS.

B nHaBeneHux BuIEe MpuKIanax OyiaM mojaHl 3BUYaiHI JudepeHIiaabH1
PIBHSIHHSI IPYTOTO TIOPSIIKY.

[lin po3B’si3koM a6o iHTerpajom audepeHIiaTLHOTO PIBHSIHHSI PO3YMIOThH
Oynb — aky Qynkuiro Y = f (X), saxa Oyayuu mincrasiena 1o piBHAHHSA 00epTae HOro
Ha TOTOXKHICTb.

[Iportec  BM3HAYeHHS TakuX (PYHKIIM  HA3WBAlOTh  IHTErPyBaAHHAM
audepeHniaIbHOr0 PiBHAHHSL.

PO3pBHAIOTH 3araabHUi 1 YaCTUHHUI PO3B’SI3KU AU(PEPEHIIATbHOTO PIBHSIHHSL.

Y 3zaragpHOMY BHTsiAl  AudepeHIliaibHI  PIBHAHHS TEPIIOTO  TMOPSIKY
3aMMUCyIOTh TaK:

F(x,y,y)=0 ato y'=Tf(x,y). (13.2)

ITouaTKOBOKO YMOBOIO Ha3UBAOTh YMOBY Y = Y, mpu X = X;, Ky 3aUCYyIOTh
TaK:

Y) =Yy abo Y, _, =Y.

O3HaveHHs1. 3araTbHUM PO3B’SI3KOM JTH(EpEHIIAILHOTO PIBHSHHS MIEPILIOrO
MOPSIAKY HA3UBAIOTh QyHKIIIO Y = @(X,C) (sxa 3anexuts Bix x 1 10BUIBHOI cTanoi C)
13a/10BOJIbHSIE YMOBaM:

1) dyskuist y=¢(X,C) € po3B’s3koM AUGEPEHINIATBHOTO PIBHSAHHS NPU Oy /b -
AKOMY BIIOMOMY 3HaueHHIO C;

2) 3a Oygb-skoi mouarkoBoi ymoBu Y(X) = YoMokHa BimmykaTH Take
sHaueHHs C =C,, mo dynkiisg Y =¢@(X,C,) 3a10BOJLHSE IO YMOBY.

IHO i 3aranpHMI PO3B’SBOK M0Aal0Th y HesiBHIM hopmi P(X,y,C) =0,

O3HaveHHsl. YacTHHHMM PO3B’A3KOM JAU(EPEHLIATL HOTO PIBHSAHHS MEPIIOTrO
TOPSAZIKY Ha3UBAIOTh OYynb-IKy QyHKI0 Y =@(X,C,), sika OTpUMYETBCS 13 3araIbHOrO
po3B’ 3Ky Y = @(X,C)npu xoukpernomy 3xaueHHi ctanoi C = Cy.
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YacTuHHUI PO3B’SI30K YTBOPIOETHCA 13 3arajibHOr0 pPo3B’si3Ky Yy = ¢(x,C),
AKII0O B OCTAaHHBOMY JOBUIbHIA cTaniii BenmuuuH1 C HajgaeThes 3HaueHHsS Cp, sIKe
BIATIOBINA€E MOYATKOBIM YMOBI.

I'eomMeTpUYHMIA 3MICT 3arajibHOr0 i YACTMHHOTO PO3B’A3KIB
['eomerpyyHO  3arajibHUl  PO3B’SI30K  300paKYETHCS
CIMEHCTBOM KpUBHX (IHTETpaJbHUX KpPHUBHUX), fKI B

(X3 ¥o)
_JG//‘/M R KOXHIA Tourli M(x; y) MalOTh OOTHYHY 3 KyTOBUM

y
J| Koe(il[leHTOM, 110 JOpPIBHIOE 3HAYEHHIO (YHKIIil
f(X,y) y uiit Touni (puc.25.1).

Puc 1211
YacTuHHUN PO3B’A30K, SKWA BIIMOBIHAE TOYATKOBIA YMOBI y(x0)=y0,

300paXy€eThCS OJHIEIO 3 IUX KPUBUX, SIKA TIPOXOIUTH Yepe3 Touky M(xg; yo).
3amava BU3HAYEHHS YaCTUHHOTO PO3B’S3KY AU(EpeHIiaTbHOTO PIBHAHHS

y'=f(xy),

SAKUH 3310BOJIHHSE MOYATKOBIM YMOBI y| N =Y, , Ha3uBaeTbcs 3amadero Kom.
— 7o
Teopema iCHyBaHHSI Ta €IMHOCTI PO3B’A3KY AM(PepPeHiaIbHOT0 PiBHAHHS
Teopema. Sxkmo ¢ynxmis  f(X,y) Ta ii wactumma noxinHa

fy (X, Y) HerepepBHi y mesikiii o61acTi Ha rIomMHi, sKa MicTuth To4ky (Xo; Yo), TO
icaye enuumii po3s’ssok pisanHa Y = f(X,Y), axuil 3am0BoabHAC MOYATKOBIH
ymoBi Y(X) =Y.

[{ro Teopemy npuitMemo 03 TOBEACHHSI.
Posrasinemo aesiki Tunu gudepeHIiaTbHAX PIBHSAHD MEPIIOTO MOPSIKY.

13.2 In¢epennianbHi piBHSIHHS 3 BilIo KpeMJII0 BAHUMM 3MiHHUMH
JudepenitianbHe pIBHIHHS BUTIISTY
y'=f1(x)-a(y) (13.3)
HA3UBAIOTH PIBHAHHAM i3 Bigokpemmosanuvu smvinanvu (T (X)-g(y) =0).

3arajbpHa cXema IHTerpyBaHHs AU(EepeHLIATbHOTO PIBHAHHS 3 BiJOKPEMIIIOBA-
HUMH 3MIHHUMU:

dy_

. 1 r_
1) moxinHy Y 3anucyroTh K Y = ax
2) pO3IUIAIOTH 3MIHHI Tak, MO0 OJIHA YacTWHA PIBHAHHA MICTHIA TUIBKU
3MIHHY X, a IHIIIA — 3MIHHY
dy
g(y)

3) IHTErpyrTh 00UIBI YaCTUHH 3100YTOI PIBHOCTI:

= F(X)dX, o610 OTPUMYIOTh PIBHSHHS 3 BilOKpeMJIeHUMH 3MiHHUMM;

d
.[ g (Z,) - I f (X)dx+C iBu3HAUarOTH HIyKaHWIi 3araabHUN PO3B’ A30K PIBHAHHS.

o o . ’ 2
Mpukian. 3HalTH 3araabHuUil po3s’ 30K piBHAHHE XY =4/1— Y.
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Po3B’si3anns. lle piBHIHHS 3 BIIOKPEMIIIOBAaHUMHU 3MIHHMMH. BHKOHYyEMO
NIEPETBOPCHHSI 32 BKA3aHOO BUIIE CXEMOTO:

X—= dy _
dx

d
),—1y

3) _[ J_, arcsiny =Inx+C. Ils piBHiCT, siKa BCTAHOBIIOE
«/1 y? X

1) 1-y*

X

3B’S130K MDK 3MIHHUMHU X, y 1cTaiow C, 1 €3aralbHUM PO3B’SI3KOM PIBHSHHS.
JudepeHuianbHi pIBHIHHS 3 BITOKPEMJIIOBAHUMHU 3MIHHUMHU MO>KHA MOJATH Y
BUTIA1

M, ()N, (Y)dx+M,(X)N,(y)dy =0 (M;(x)=0, N;(y)=0, i=12). (13.4)
Hoximsum o6unsi uactunu pisrocti Ha N, (Y)-M,(X) , orpumaemo
PIBHSIHHS 3 BITOKPEMJICHUMU 3MIHHUMHU:

Ml—(X)dX: N (y) y
M, (%) N,(y)

3BIIKM OTPUMAEMO 3arajibHUM pPO3B’ A30K piBHﬁHHﬂ:I

M0 g (NO) g

M, (X) N(y)

13.3 PiBHSIHHS1, 0/THOPiHiI BITHOCHO 3MiHHHUX
HudepenuianbHi piBHSIHHSA, $KI MOXHA TNOJaTH Yy BNl Y = f(lj,
X

Ha3UBarOTh OAHOPIAHUMH PiBHAHHAMH BiTHOCHO 3MIHHMX X i .

) ) ) ' y
3a J0IOMOro 3aminu Y =U-X oxgHopinHe piBusHHS Y = f (;j 3BOJIUTHCS
710 PIBHSHHSA 3 BITOKPEMIIOBAHUMHU 3MIHHUMH BITHOCHO HOBOT 3MIHHOT u = u(X).

: y
Mpuknan, Poss’ ssaru piBasuas Y = y +1,

. y .
Po3p’si3anns. lle piBHSHHS BUTISALY y' = f(; , TOOTO € OJHOPITHUM

pIBHAHHAM BITHOCHO X 1 . Bukonyemo 3aminy Y=U-X, tomi Y =U"-X+U.
) ) ) ) , ux du
[TincraBnsieMo 11 BUpa3u A0 PIBHAHHSA 1 OTpUMaeMo UX+U :?+1 abo x& =1,
OcTaHHE PIBHSHHS € PIBHSAHHSAM 3 BIIOKPEMIIIOBAHUMH 3MIHHUMHU BIJHOCHO HOBOI
3MIHHOI u. Mloro po3B’si30K 3Hai1eMO 3a pO3IIIIHYTOIO BUILE CXEMOIO:
dx | dx y

du = Id 0 u=In|x+In|C|; u=In|CX, 3Bigku ;:In|Cx| _ saraisnawii
posB 30K PIBHSIHHS.
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13.4 Jliniiini piBHAHHS
JlHMHEIM  gudepeHIlIaIbHAM  PIBHSHHSAM IEPIIOTO TOPSAKY Ha3HUBAIOThH
PIBHSIHHS , SIK€ TIOJIA€THCS Y BUTIIAAL
y'+p(x)y =a(x), (13.5)
e p(x) i q(X) — Bimomi HemepepBHi pyHKI Big x (200 cTam).
3aragbHuil po3B’sI30K JIHIMHOTO PIBHSHHS IIYKAIOTh Y BUIJIAL TOOYTKY IBOX
byskmii Bix x: Y =U(X)V(X). OgHy 3 mux QyHKIiH BUOMPAIOTh JOBUIHHO, a HIITY
BU3HAYAIOTh 13 IAHOTO PIBHSHHS 3 YpaxyBaHHAM YMOBHU BUOOPY Mepioi (hyHKIII.
HMudepenmitoemo  y: Y =u'v+uv'. IlincTaBumo 1l Bupa3 10 PIBHSAHHA i
OTPUMAEMO
u'v+uv'+ p(x)uv =q(x) abo u'v+u(v'+ p(x)v) =q(x).
Bubepemo ¢yukmiro V tak, mo6 V'+ p(X)v=0. Ile piBHIHHS € PIBHAHHIM 3
BIIOKPEMITIOBAHUMH 3MIHHUMHU. 3HAXOJUMO MO0 PO3B’SI30K 32 3araJIbHOIO CXEMOIO:
dv dv €, [ p(x)dx

dv
—=-p(v; —=-p()dx; [—=-[p(x)dx, 10610 v=e
dx v v

I P(X)dX icuye, ockimbku dyHKItis P(X) € HenepepBHOo Bin x). Hexait C, = 1.
—jp(x)dx

(iHTerpan

[linctaBuMo BM3HAdYeHy (QYHKIIO V=¢€ no piBaauas UV =0(X), ske

OTpUMallM i3 TMOINEpenHsoro 3 ypaxyBaHusm ymoBu V' + p(X)v=0, omepxumo
PIBHSIHHS

—| p(x)dx
we 1" = q(x),
sIKE € PIBHAHHAM i3 BiJOKPEMIIIOBAHUMH 3MIHHUMH. 1oT0 po3B’s3koM 6yae dyHKIis

u=| q(el " %dx
Ockinbku Y =U-V, TO OCTATOYHO MaeMO Y = e_jp(x)dx (Jq(X)ep(X)dde) _

o o . ' y 3 o
Ipukaan. 3HaWTH 4YaCTUHHUN PO3B’SI30K pIBHSHHSA Y —;:1+X , SIKUH

3a710BOJIbHSE TI04ATKOBIiT yMOBi Y|, = 2.
Po3p’sizanns. [lane piBHsSHHA € mHiHUM. [lokmamemo Y =U-V, 3BIIKH
y'=uvV+uv'. Toxi piBHSAHHS HEPENUIIETHCS Y BUIIISI

uv v
uv+uv' ——=1+x° a60 UV+U(NV —=)=1+X".
X X

CkiagaeMo Taky CUCTEMY PIBHSIHbB:

v
1, V'=—=0.
X
2 uv' =1+x3.

Cnouarky po3B’s>KEMO MepIe PIBHSHHSA.
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! . . . . . .
1.V — ; =0_ PIBHSIHHSA 3 BIIIOKPEMIIFOBAHUMU 3MIHHMUMHU BITHOCHO 3MIHHOI V ,

SIKC pOBB’?DKeMO 3a 3arajibHOXO CXEMOIO:

dv v dv e
dx  x 2 v X'
3BIIKHA
dv_pdx

. Injv|=In|x|; v=x.
VoYX

2. TlinctaBuMo Bupa3 V=X m0 piBusHES U =1+X> , oTpuMaeMo

ux=1+x> — 1€ PIBHAHHSI 3 BIOKPEMIIIOBAHWMMH 3MIHHMMH BIAHOCHO 3MIHHOI U.
3Hai1eMo Moro 3arajibHUI pO3B’ 130K
1+ %3

3
d_u:1+x a60 dU— dX’
dx X X

3BIIKA
du =(1+x2)dx- _[du =j£dx+jx2dx- u:ln|x|+X—3+C
X ’ X ’ 3 '

TakuM 4MHOM, 3arajibHUM PO3B’ 130K MA€ BUTJISA
3

y:x(ln|x|+%+C)_

3TiIHO 3 TIOYaTKOBOIO YMOBOFO y\le =2 matume

2:1-(In1+%+C), C :§

OT1xe, MaEMO AHHI YaCTUHHUH PO3B’ A30K :
5 LIyK p

X3

5
— x(1 22
y x(n|x|+3+3)_

25.5 PiBusinns bepny.i
PiBHAHHS BUTIISTY
y'+p(x)y=0q(x)-y" ad0 y'=-p(x)y+q(x)-y", (13.6)

ne QyHKIii p(x) Ta q(x) HEMEpPEepBHI HA JESIKOMY IHTEpBAIi (a, b), oeR, IPUUIOMY n =0
1 n=1, HA3UBAETHCA PIBHAHHAM bepHyJii.

I[Ipu n=0 pBHIHHS (13.6) TEpeTBOPIOEThCS B JiHIMHE aUdeEpEHITIATLHE
PIBHSHHSA Y +p(x)y=q(x), PO3MISIHyT€ paHille, a NpU n=1 — B PIBHIHHA 3
BITOKPEMJTIOBAaHUMU 3MIHHUMU ' =(q(x)— p(x))y .

PiBusinnst (13.6) iHTerpyerhes HUXoM miacTaHoBku Y =z,

Tak stk % =@1-n)y™" %, TO MOMHOkuMO (25.6) ma (L—n)y™"
X X
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a—n)y™ %+(1—n)p(x)yl-“ ~q09).
X

OTtpumaemo nudepeHiianbHe pIBHAHHS

dz

— + (L-n)p(xX)z =2—-n)q(x), (13.7)
AK€ BXKE € niHiﬁHHM.

[lpu O0<n<1 pBHIHHA bepnymt mae ocobmuBuii po3B’s30kY(X)=0. Ilpu
n>1 po3B’s130K Y(X)=0 MICTUTbCS B 3aralbHOMY pO3B’s3KY Ipu C=o0. [Ipu n<0
y(X) =0 He € po3B’s3koM audepeHIiaapHOro piBHAHHSA (25.6).

Po3B’s30k piBHSHHS bepHyIuIi 3pydyHO LIyKaTH y BUTJBSIAL Y =U-V.

Ipukaan. 3HalTH 3araJbHUM PO3B’SI30K PIBHSHHS Y’ — 2XY = 2X3y2.
Po3B'szannst PoOumo mincTaHoBky Yy =uUv, Toai Y =u'v+uv'. 3amane

pIBHAHHA  [EPETBOPUTHCA Yy  piBHAHHA:  UV+UV —2xuv=2xu’v>  abo

v(u'—2xu)+Vvu=2xu’v’. B sxocti ¢yHkuii U Gepemo Taky ¢yHKUio0, w06

u'—2xu=0, tomi Vu=2x’u?v’. Jlna BusHaueHHs (yHKIiH U Ta V MaeMo JBa
nudepeHiabHIX PIBHAHHS 3 BIJOKPEMIICHUMH 3MIHHUMU:
1. u-2xu=0
2. V' = 2x3 A2
) du du .
Po3B'szyemMo mepmie piBHAHHS: U’ = 2XU; d—:2xu; — =2xdx, 3BigKH
X
2
Inu=x?(c=0) abo u=e"

) 2 dv 2 .
3 gpyroro piBmsHHI Maemo: V' =2x€*V?, abo — =2x’e“dx. Ilicin

\'
IHTETpYBaHHS I,OTO PIBHAHHSA OyJeMO  Maru: 21 —eX (x2 _1) —C, B3BIIKH
Y
_ 1
eX (1 - xz) +c
3aranbHull po3B'sI30K PIBHSIHHS MAaTUME BUTJISIL;:
2 1 1
y=e" — ” abo y= ” >
X (1—x )+c 1-x“+ce™*

IuTaHHA 1715 caMonepeBipKu

1 IIlo Ha3uBaeThCs AUPEPEHUIATIBHUM PIBHIHHAM?

2 1o Ha3MBAETHCS TIOPSIKOM I[H(bepeﬁulaﬂLHoro plBH;[HH;{‘?

3 Illo Ha3MBaeThCs 3aralbHAM 1 YaCTUHHHM PO3B’s3KaMH U epeHITIATLHOTO
PIBHSIHHSA?

4 Slxa 3amaya HazuBaeTbes 3agadero Komn? 3a sSKMX yMOB ICHYE €JUHUI
po3B’ 30K 3anadi Komri?

S5 ki pIBHSHHS HA3UBAIOTh JIHIMHUMU AUeEpeHIIaTbHUMU PIBHIHHIMU?

6 Ak Burnsmae piBHsSHHA bepHymi?
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JIEKIISA 14
14.1 IndepenitiabH1 pIBHSIHHS IPYTroro MOPSIKY
14.2 JlH1iH1 ogHOPiAHI OTudepeHIiaibHl PIBHSIHHS APYTOTO MOPSIKY 31 CTAIMMU
koepiieaTaMu. CTpyKTypa iX po3B’ 3Ky
14.3 Jlinttai HeonHopinHi piBHAHHA [ opsaky. CTpyKTypa 3araibHOTO PO3B’ 3Ky
14.4 Meton Bapiallii TOBUTbHUX CTaINX
14.5 JliniiiH1 HeoAHOP1IHI AU(EPEHIIATbH1 PIBHSHHS 31 CMEHIATLHOIO MPABOIO
YaCTUHOIO

14.1 IndepennianbHi piBHAHHS APYroro mopsiaky

Cepen audepeHLiaTbHUX PIBHSIHD BULIOTO MOPSAAKY HAaWIIMPIIE 3aCTOCYBaHHS
MIPY O3B’ AI3aHHI IHKECHEPHUX 3a/1a9 MalOTh PIBHSHHS JPYTOTO TIOPSIIKY.

VY 3aranbHOMy  BUDAAl AudepeHiliaibHe PIBHSAHHS JPYroro MOPSIKY
3aIUCYETHCS TaK:

F(X,y,Y,¥)=0a60 y'=f(XVy,Y). (14.1)

3arajqbHUM PO3B’S3KOM JH(epPeHUIATBLHOI0 PIBHAHHS APYroro NmopsaKy
y'=1(X,Y,Y) nasusatots dynkuito Y =@(X,C,,C,) (mo 3anexwurs Bix x i aBoX
noButbHUX cTamux C; 1 C, ), siKa 3aJJ0BOJIbHSIE€ TAKUM YMOBAM:

1) pynxuiz Y =@(X,C,;,C,) samoBonpmse piBusumo Y = f(X,Y,Y') npu

Oynp — skux 3HadeHHAX cTamx C; 1 Cy;

! !’
2) mpM 3aJaHUX IOYaTKOBHX YMOBax Y|X:XO =Yo; Yl T Yo mOxHa

: 0o . 0 .
Bu3HaunTH Taki 3HadeHHs ctamux C,=C; i C,=C; mo d¢ynkmuis
0 0
y=¢(x,C,C,) Oyue 3a10BOJILHATH [[IM YMOBaM.
3anauy BU3HAUCHHS PO3B’S3KY MU(EPEHIIIATBHOTO PIBHAHHS APYroro MOPsIAKY
y'=1(xy.y),
SIKAW 3a0BOJIHHSIE TIOYaTKOBUM YMOBaM
y‘x:xO =Yo;
' N
y ‘x:xO - yO !
Ha3uBaIOTH 3aja4vero Ko,

Po3p’s3atu 3anauy Kol 03Hauae 3HaWTH YaCTUHHUIN PO3B’ 30K PIBHSHHS.
Bimomo, mo cdopmynaroBaHa 3agada Ko mae equHUN pPO3B’S30K, SKIIO

byHKIis f(X,y,Y) ra ii moxinui fy (x,Y, y’), fy,(X, Y,Y) HETICPEPBHI B JICSKINA
o0JacTi, sika MICTUTh TOUKY (Xoi Yo y{,) ( Teopema iCHyBaHHS Ta €HHOCTY).
14.2 Jliniiini oqnopiani 1udepeHiaabHi pIBHSIHHA APYroro nopsiaiky
3i ctasmMu koedinieHtamu. CTpyKTypa iX po3B’sI3KY

VY 3aranpbHOMY BUIIIAAL TiHIHHI 1udepeHiianbH1 pIBHSIHHS APYroro NopsakKy 3i
CTaMMH Koe(DIiEHTaMH 3alMACYIOTh TaK:
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y'+ay'+ay="1(x), (14.2)
ne &, 1 a, — miiicHI YKCJa.
Sgxkmo f(X)=0, To nimiline piBHAHHA HA3MBAIOTH OXHOPIAHMM, Y
IPOTUBHOMY BUIIAIKY — HEOXHOPITHUM.

Posrasinemo mniHiiiHE ogHOpiIHE AudepeHIliaibHe PIBHSHHS JIPYroro mopsiaKy
(JIOJZIP) 31 cTayiumu Koe(ilieH TaMK

y'+ay'+a,y=0. (14.3)
JIBa  po3B’sizkd  Au(EpEHIATbHOTO  PIBHSAHHS  HAa3WBAIOTh  JIHINHO
: . o N
He3AJe:KHUMH HAa MPOMIXKKY [a,b], AKIIO 1X BIIHOLLIECHHS HE € CTallolo
2
BEJIMYHUHOIO, TOOTO
LiCOﬂSt,
Yz

Teopema (mpo cTPyKTYpY 3arajbHoro po3s’ssky JIOIP).
Jkmo Y=Y,(X) i Y=VY,(X)aBa minifiHo He3adeKHUX pO3B’A3KHU
mudepenuiansHoro piBHsuaa Y +aY +8,Y=0, 1o ¢ynkuin Y=CY, +CY, €

3arajibHUM PO3B’ SI3KOM 1ILOT0 piBHSAHHA, € C;,C, — MOBUIBHI CTAMI .
JloBeneHHsI. 3a 03HAYEHHAM 3arajJbHOTO PO3B A3KY:

1) pynxmis Y =CY, +C,Y, maTtume 3a10BOJBHITH PIBHSIHHIO y'+a,y'+a,y=0;

nificHo, BmsHaummo Y =CY, +C,Y,, Y =CY/+C,Y,, mincTaBuMo 10 PIBHSHHS 1
OTPUMAEMO:

C1y1" +C2y2” + a101y1, + a1C2y£ +a,C Y, +a,CY, = 0.

3rpynyemMo modaHku 3 Y; 1 Y,, 3 ypaxyBaHHAM Toro, mo Y; 1 Y, €
PO3B’sI3KaMU PIBHSIHHS, TICTAHEMO TOTOXKHICTh

(C1y1” + C1a1y1, +C1a2y1)+(02y2” +Cza1y2, +C2a2y2) =

= Cl(ylﬂ +a1y1’ +a2y)+cz (y2” +a1y2, +a2Y2) =0.

Il Il
0 0

! ! .
2) npu 3aJJaHuX OYAaTKOBUX YMOBAX y\xzxg =Y, Y ‘x:xo =Yy MOXXHa BU3HAYUTH TaKl

0o . 0 . 0 A0
3HayeHHs1 ctammx C =C 1 C,=C,, mo dyukmin Y= @(x,c,,C,) Oyne
3aJIOBOJILHATH ITUM YMOBaM. 3aCTOCYEMO TIO3HAYCHHS:

yl‘xzxo =¥,(%); y1’ = Y1,(Xo) ;

X=X

= yzl(xo).
Xo

Y2‘XZXO =Y,(X); y2'

X=

[TincTaBumo mouatkoBi ymoBH 10 piBHAHHS Y =CY; +C,Y, , orpumaemo
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Yo = Clyl(XO) +GY, (Xo) .

[IpoaudepeHiiitoeMo 1110 PIBHICTh: yo' = C1y1, (XO) +C, y2, (XO) 1 CKJIaAEMO
CUCTEMY
C.Y; (%) +C,Y, (%) = Yo,
Clylr (Xo) +C, yzl (Xo) = yo'-
OTpumaiy cUCTEMY JIBOX JIHIHHUX PIBHSIHB 3 BoMa HeBimomuMu C; 1 C,. Ila
CHCTEMA Ma€ €AUHUN PO3B’A30K C; = Cf 1 C, = c§ , OCKUIbKH 11 BU3BHAYHHK
yl(XO) y2 (XO)
Yi(%) Y5 (%)

B culy mniHiiHi HesamexHocTi poss’mkis  Y;(X) i Y,(X) (mpomomyemo
MEPEKOHATHUCS B IbOMY CaMOCTIIHO).
TakuMm 4YMHOM, TeOopeMa JOBEICHA.

+

JIHITHO He3aneKH1 PO3B’ IBKA yl(x) 1Y, (x) JIO/IP mrykatumMeMo y BUTIISIAL

y=€". Takuii BUOIp TPYHTYETbCS Ha TOMY, IO (PYHKIIISA y=ekx Ta i1 MOXITHI
r__ k kx " _ k2 kx . . . .

y =K€", Yy =K'€" BUIpBHAIOTECA OJHA Bl OJHOI JIMIIE CTAIUMU MHOXHUKaAMU

. 2 . ™ . .
k ik, a ug ymoBa € BnacTuBicTIO NHIHOrO XU(EPEHIIATEHOTO OIHOPIIHOTO
PIBHSIHHSL.

Mincrasumo Y =€ y' =ke®™ y"=k%" no PIBHAHHSA, OTPUMAEMO
2 1k kx I kx 1,2
ke +ake” +a,e” =0 ago " (k" +ak+a,)=0,
Ockitbkn €% # 0, 10 oTpuMaeMo piBHAHHS
k?+ak+a,=0, (14.4)
SIK€ Ha3MBAIOTh XaPaKTePUCTUYHUM PiBHSAHHSAM.

Posg’ssku Y;(X) i Y,(X) BusHawaroth y 3amexHOCTI Big KOpEHIB
XapaKTEePUCTUIHOTO PIBHSIHHS:

1) Skmo XapaKkTepuCTHYHE piBHAHHA Mae aBa pisHuX Koperi K, i K, , K, #K,
(D>0), 10 Y,=€%; Yy, =€ isaranpuuit PO3B’S30K Ma€ BHIJISIA
y =" +c,e,
Buime Oyino mokasaHo, mo (GyHKmi Y; = ek Y, = e ¢ PO3B’SI3KaMU  PIBHSHHS

/4 ! . e cu
y'+ay +a,y=0, MEPEKOHAEMOCS, 10 BOHU € JIHIMHO He3aeKHUMH. JliCHO,

CKJIaJIEMO BIIHOIICHHS

y eklx
k; -k
y_l = =€ oonst ocximin Ky # K.
2
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KIIIO XapakTEpPUCTUYHE DIBHSIHHS Mac ABa OJHAKOBUX KOPEHI i ,
2) SIkio xapaxTepuc e piB ac IBa OJHAKO openi K, i K,
k. =K, (D=0), To MOKHa MOKa3aTH, 110 3aTranbHK PO3B’I30K MA€ BUTIIS
k k
y =Ce" +c,xe™,
3) SIxmio XapakTepruCTHIHE PIBHIHHS Ma€ JBa KOMIUIEKCHO — CIIPSKEHUX KOope-
Hi K, =a* B, To 3aranbHuil po3B’ 130K Ma€ BUTIISIT
_ ax ax a;
y =c,e” cos X +c,e” sin SX.
TYT @ 1 [ — }IMCHI YUCiia, K1 € IIMCHOIO 1 YIBHOIO YacTMHAMU KOMIUIEKCHUX

yucen atfi.
IpukJan. 3HaiiTi 9acTHHHUEN po3B’s30K piBHstHHSA Y —4Y +4y =0, sxuii

x=O:O'

Po3p’sizannst. CroyaTky BHU3HAUMMO 3arajbHUANA  PO3B’SI30K  PIBHSHHS.

!/
3a]0BOJIbHSIE€ MIOYATKOBUM YMOBaM y\xzo =1.y

Ck1aiaeMo XapakrepucTidHe piBHsHHA K —4K +4 =0 . KopeHi XapakTepHcTHIHOTO
piBusiHus gificHi Ta piBHi K =K, =2 (Bumagox 2), TOMy 3arajbHUi PO3B’S30K
PIBHSIHHSI Ma€ BUTJIS]
_ 2x 2x
y =ce” +c,xe™,
JIJ1 3HaXO/IP)KEHHSI YaCTHHHOTO PO3B’SI3KY MONEPEIHBO NMPOAUPEPEHLIIFOEMO Y 1
2 2 2

otpumaemo Y =2CE€" +C,e7 +2XC,e”,

!

YpaxoByo4u NMoyaTKOB1 yMOBH: y\X:O =1, ¥'|,_, =0, cxnamaemo cucremy:

X
1=ce’+0-c,e°, 1=c,
0=2ce’+c,e’+2c,-0-¢°, 200 |0=2c +c,
3Binku C, =1 C,=-2. Omxe, IIyKaHUW YaCTUHHUN PO3B’ I30K MA€ BUTJISIL

y — e2x o zerX .

14.3 Jliniiini HeogHopinHi piBusinas Il mopsaaky. CTpykTypa 3arajibHOro
PO3B’SI3KY

JIiHIiHUM HEOJHOPIAHMM aU(epeHUiaJJbHUM PpiBHAHHAM [ mopsaky

HA3WBAETHCS PIBHSIHHS BUTJISILY
Y+ P (X)Y + P (X)y = f (%), (14.5)

e f(x)=0; p;(x), f(X) — 3amani ¢pyHkiii, HenepepsHi Ha (a,b), 1=1,2.

[lpu mmux ymoBax nudepenuianbHe piBHSIHHS (27.1) Mae enquHuil po3B’s3OK
y=Y(X), SIKuii 3aJ0BOJILHSIE IOYaTKOBUM YMOBaM

Y(%)=Ye: ¥'(%)=Yo-

Lleti po3B’s130K BU3HAYCHHMI 1 IBIY1 HEMepepBHO audepeHItiiioBanuii Ha (a,b).

Ocob6mmBux po3B’s3KIB Audeperiianpae piBHAHHA (14.5) He Mae. byap-sakwuii
PO3B’S30K MPU KOHKPETHUX TIOYATKOBHX YMOBAX € YaCTHHHUM. SIKIo nipu y" cTOITh

Po(X), TO TOuKH, B IKHX Py(X)=0, HA3HBAIOTHCSA OCOOIUBUMH.
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@OyHkiis Y=Y(X) Ha3WBae€TbCS PO3B’A3KOM M (pepeHIiaIbLHOTO PiBHSIHHS
(27.1), sgxmo micas MiOCTAaHOBKU 1 OO0 PIBHAHHSA, BOHA IIEPETBOPIOE HOro Ha
TOTOXHICTb.

Jliniine nudepenuianbae piBHAHHS (14.5) 3amumaeTbes OyTH JHIMHUM NpU
Gyb-sKiit 3amini Hesanexwnoi 3minHOT X =¢(t) (¢'(t)#0).

Y Bumanxy koma p,(x)=a,, p,(X)=a,, A¢ a, Ta a,- cram, piBHAHHA (14.5)
HA3UBaIOTh JIHIMHUM HEOAHOPITHUM AU(EpEeHUIATbHUM pIBHAHHAM Il mopsaky 31
CTaMMH KOeDIiEHTaMH.

Axmo f(x)=0, To miHIHE PIBHIHHSI HA3UBAIOTh OJIHOPITHUM, Y TIPOTHBHOMY
BUMNAJKY — HEOJHO PIAHUM.

PosrnsiHemo miHiliHE HeoqHOpPiHE AudepeHIiaibHe PIBHAHHS APYyroro
nopsaky (JIHP) 31 cramumu koediiieHTaMu

y'+ay'+a,y = f(x) (14.6).

[Ipotiec po3B’si3aHHS IILOTO PIBHSHHS IPYHTYETHCS HA TaKid TEO peMi.

Teopema ( mpo cTpyKTYypy 3arajabHoro po3s’sasky JIHIP).

3araibHUM PO3B’S30K ) JTHIAHOTO HEOJHOPIMHOTO JudepeHIliaTbHOTO
piBEsHus Y +a Yy +a,y = f(X) mopisHroe cymi Oyap - IKOTO YaCTMHHOTO PO3B’A3KY
Y LbOoro piBHSHHS i 3arajbHOTO PO3B’ 3Ky Y BIINOBITHOTO OJHOPIAHOIO PIBHAHHS
y'+ay+ay=0.

[IponoHyeMoO 110 TepeMy TOBECTH CAMOCTIMHO (AMB. JOBENECHHS TEPEMU IPO
ctpykrypy JIOJIP).

Otxe, pynkiia Y =Y +Y e 3aransanm po3s’szxom JIHJP.

Teopis 3HaxomxKeHHs 3aranbHOro po3B’s3ky JIOJP Oyna posrisiHyTa BuIIE,
TOMY 3aJUIIWIOCS TOOYIyBaTH TEOPI0 3HAXOKEHHS OYAb-IKOrO YaCTHUHHOTO

po3B’si3ky JIHJIP.

14.4 MeToa Bapiauii 10BUIbHUX CTATHUX

PosrmssHemo mHIMHE HEOmHOpIMHE OH(EPEHIIANBHE PIBHSIHHSA JAPYroro

HOPSIIKY

y'+ay'+ay="f(x), (14.7)
ne a, a, — nidcHl umcna, f(X) — HemepepBHa ¢yHKIiA. Bimomo, mo 3araibHUi
PO3B’ 530K TAaKOTO PIBHSHHS € CyMMa YaCTKOBOI'O PO3B’3KY HEOJHOPITHOIO PIBHSHHS
1 3arajJbHOTO PO3B’A3KY BUIMOBIIHOTO OJTHOPIMTHOTO PIBHSIHHSA Y = Y +V . 3aransumii
PO3B’SI30K ¥ OJHOPITHOTO PIBHSHHS YK€ 3HAEMO SIK 3HAXOUTH.

SAxmo x f(X) — mnoBUIbHA HemepepBHA QYHKINSA, TO JJISI 3HAXOKCHHS
YaCTKOBOI'O PO3B’S3KYy MOXHa 3aCTOCYBAaTW Tak 3BaHUN METOJ Bapialii JOBUIbHUX
ctanux. Hego1koM bOro MeToay € Te, 0 BiH MICTUTh MPOLEC IHTErPyBaHHS.

3’s1cyeMO CYTHICTh METO/Ia Bapiarlii JOBUIbHUX CTaJIHX.

[lopsin 3 piBHsHHSAM (14.7) po3ristHEMO BIANOBIAHE OIHOpiAHE AudepeHIiaIbHEe
PIBHSAHHS

y'+ay +ay=0 (14.8)

101



Hexaii y1(X) 1 Yo(X) — nBa miHiliHO He3anexHuX po3B’s3ku piBHAHHS (14.8). Toxi
3arajibHAMA PO3B’ 30K IIbOTO JTU(PEPEHINATHLHOTO PIBHSAHHS

y=C,y,(X)+C,Y,(X), (14.9)
ne C, 1 C, — noButbHI cTai. bymeMo niykaTu 4acTHHHUN PO3B’ 30K HEOAHOPITHOTO
piBHsiHHs (14.7) y BUTIISI

y= Cl(x) yl(x) +C, (X) Y> (%), (14 10)
ne noButbHi ctaiti C; 1 C, aBisroTbest GyHKIisiMU 3MiHHOT X. O0epemo dynkitii C;(X)
1 C,(x) Tak, mo0 npu 3amidi C; Ha C1(X) 1 C, Ha C,(X) Bupa3 (14.10) 3a10BOJILHIB OU
HeoHOpiTHOMY piBHSAHHIO (14.7). OCKiIbKY IMIyKaHUX (DYHKIIM 1B, @ MU HakKJIaId
Ha HUX TUTbKH OJHY BuUMOry: 1mo0 (14.10) Oyno po3w’s3kom piBHsHHS (14.7), TO
mosxkHa mignopsakyBatu Cq(X) i C,(X) e oaniii ymoBi. [Ipyry ymoBy BHOEpeMO 3
HACTYIHUX MIPKYBaHb.
Hudepenmiroemo (14.10):
y'= Cl, (nx)+C (x)yl, (x)+ Cz' (x)y,(x)+ G, (x)yz, (x) . (14 11)
Haknamemo Ha ¢ynkimii Ci(X) 1 Cy(X) Taky ymoBy, mo6 Bupa3 (14.11) s
MOXITHOT y' MaB BUTJIA, K 1y BuMaaky ctamx C,, C,, T006TO 3ampoBagumMo
Cl, ()3 (x)+ CZ' (*)y,(x)=0. (14 12)
Toni
y'=C,()y, (00 +C, ()Y, (%) -
Hudepenuiroemo oro 1e pas
y'= Cl, (X) y1' () + Cl(x) yl” () + Czr (X) yzr () + G, (X) Y2” (X).
[TincraBumo vy, y', y" y piBHsHH: (27.3):
C,/ ()Y, () +C,(x)y;," () +C, ()Y, () +C, ()Y, (x) +a, (Cl(X) Yy () +C, (XY, (X)) +

+a, (C, ()Y (X) +C,(0) Y, () = ().
['pymyroun 1oJaHKH B JIIBI 4aCTHHI PIBHOCTI, MAEMO

C00 (% 00+ 2y, (0+8,,00)+C, 00 (¥ (0 + 8,y () +2,y,(0) ) +
+C, ()Y, () +C, (x)y, (x) = f(x).
Bupazu B qykkKax TOTOKHO JOPIBHIOIOTH HYJIIO, OCKUIBKH Y, (X), Y,(X) — pO3B’S3KU
BinnmoBinHoro JIOJIP. Omke oxepkamu 1e oaHy yMOBY s 3HaxomkeHHS Ci(X),
C,(x):

Cll(x) ylr (X) +C2'(X) yzl(x) =f (X) (1413)

Taxkum aunHOM yHKITS Y =C, (X)Y,(X) +C,(X)Y,(X) Oyme po3s’szkom JIHIIP

(14.7), sxmo C(X), C,(X) 3a10BOIBHSIOTh CUCTEMY PIBHSHbD:

{q’ (92,0 + € ()7, (x) =0 (14.14)

Cl (X) ylr(x) + Cz'(x) yz'(x) = f (X)
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Yi(X) Y, (%)

+
!’ !

Y (¥) ¥, ()

BpoHchKOTO NHIMHO HE3AJIEKHUX PO3B’S3KIB Y, (X), Y,(X) . PO3B’43yt04m 1110 cuctemy

3a npasuyioM Kpamepa, ogepxumo

Buznaunuk cuctemu (27.10)  W(x)= AK BU3HAYHHK

0 v,(x y(x) 0
P L GO N € I €O €S IO ' ¢ B 1 €0 I A CO R ¢
SO0 e we  CY T v we
()Y, (%) ()Y, (%)
3BIIKHA
C )= [0, . ACIALGN 14.15
=T GE= R (14.15)
Otxe, yacTuHHMN po3B’ 30K JIH/IP II nopsaky 31 cranmumu KoedilieHTaMu MaTumMe
v — YT PACIANCI N 14.16
BUTIISL HO0f Fg =y, 00 S (14.16)

3ayBaskennss 1. Meron Bapiaiii JOBUIBHMX CTalUX 3aCTOCOBYIOTH LIS
PO3B’sI3aHHA JIHIMHUX AUPEPEHUIATbHUX PIBHSAHD SIK 31 3MIHHUMH TaK 1 31 CTAIUMU
Koe(IIIiEHTaMH.

3ayBaskenns 2. [urerpytoun Cy(X), C»(X) i BBOASUM TP LIEOMY JOBUIbHI CTAT1

C,, C,, oJpazy OTpUMY€EMO 3arajibHAM PO3B’ 30K HEOTHOPITHOTO PIBHSIHHS.

Orxe, 3aragbHAN PO3B’ 130K HHI[P II mopsiaky 31 cTanmumu Koe(biuieHTaMI/I MaTtume

BUITIAL Y = ( IyZ(X)f(X)dx+Cjyl(x)+[.[de+C jyz(x)

a0do

Y= Con 00+ Coy, () (0 . 00 X e

Ipuxaan. 3HaiTH 3araIbHAN PO3B’ 30K PIBHSIHHS Y +4y =

CoS2X
Po3B’si3anHs. 3araibHui po3B’ 30K mykaemo yBurasai Y =Y +Y .

3nHaiinemMo y. Maemo y"+4y=0. Moro xapakrepucTu4He piBHSIHHS k*+4=0
Mae po3B’sI3ku k =2i, k, =-2i

3aralbHAA PO3B’SA30K PIBHIHHA Yy'+4y=0 Mae BHTJIAN Y =C,cos2x+C,sin2x.

®OyHkiIrii Y;(X)=C0S2X 1Y,(X)=SIN2X yTBOPIOIOTH (PyHIAMEHTAILHY CHCTEMY PO3B’SI3KIB
. ” . y, CO0S2X
PBHIHHA Y"+4y =0, OCKUIbKH — =———
y, sin2x

OTxe, YaCTUHHUN PO3B’SI30K PIBHSHHS LIYKAEMO Y BUTJISII

y =C,(x)cos2x+C,(x)sinx.

# const .

Y1 (X) yz(X)_ cos2X  sin2x

= . =2+#0.
v/ (x) y, (x| |-2sin2x  2cos2x

OO6uncnumo BM3HAUHUK W (X) =

Maewmo 3rinHo (27.12):
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n2x COS 2X

Si
Y =—-cos ZXI

COS 2X gy +sin 2xj COS2X gy —
2 2

1 1.
_ECOS 2xjtgxdx + Esm ZXI dx =

1 1 .
:—c052xln|cos 2x|+—xsm 2X.
4 2
TakuM 9YUHOM, 3arajbHUI PO3B’ A30K PIBHSAHHS Oye MaTH BUIJIS

y =C,cos2x+C,sin 2x+%0082x|n|0052x|+%x8in 2x .

14.5 Jliniiini HeoqnopinHi 1udepeHiaIbHi PiBHAHHSA 3i crIeHiaJIbHOIO PABOI0
YaCcTHHOIO
Posrmsnemo HeomHopinui piBusuEs Y +ay +a,y = f(X), npasi gactunm
SKUX € (PYHKITISIMU CIICHIATbHOTO BUTTISIY:
1) f(x)=e“"P,(x);
2) f(x)=e"[P,(x)cos Bx+Q, (x)sin Bx] (zaranbuuii BUNanoK).
Tyr P,(X) i Q, (X)— Garatousienu BifmoBiIHO 7 - TO i 7 — TO CTEIEHS.

Posrnsinemo mnepumii Bumanok. B mpumymieHHi, MO « HE € KOpEeHeM
XapaKTEpPUCTUUHOTO PIBHSHHS, YAaCTUHHUN PO3B’S30K Y IIyKaTUMEMO Yy BHUIJIAI

Y =e”Q,(X), ne Q,(X)— 6ararouneH # - ro CTENEHs.

3ayBaXknMO, IO Q. (X) i Q"(X)e GararouneHamMy BiIIOBITHO (n — 1)-ro i
(n — 2)-ro creneHs.
OTxe,

Y =e"(a-Q,(\)+Q, (x),
Y"=e™(a”-Q,(X) +2a-e”Q, (X)) +Q," (X)) .
ITincTaBumo wi piBHOCTI 710 piBHsHAA Y +a Y +a,y = f(X) , orpumaemo
Q (N +a-a+a)+Q, (X)(2a+a)+Q, (X) =P, (X). (14.17)

VY niBiif yacTuHi 3100yTOI pIBHOCTI Mae OyTu OararouineH n-ro creneHs. Ll
yMOBa Oyne BHKOHYBATHCS, SIKIO & +a-3,+8,#0, T06T0 @ He € KOpeHeM
xapakTepuctiaHoro pismsias K2 +ak+a, =0,

Akio o € ONHOKpaTHUM KOPEHEM XapaKTepUCTUYHOIO PIBHSAHHSA, TOOTO

o’ +a-a+a,=0, a 2a+3 #0, to w1 Toro, mo6 GararouneH y miBii gacTHH
piBHOCTI (14.17) OyB OaraTousieHOM 7n-TO CTETEHs, YaCTUHHHUM PO3B’ 30K Y Mae OyTH
nojanuii y Burmsaai Y = X-e7Q, (x).

Y BUNAJKY, KOJIM O € JBOKPATHHM KOPEHEM XapaKTePUCTHYHOTO PIBHSIHHS,
10610 @’ + 8, +a, =0 | 20 +8, =0, yacTunHMIl po3B’ 130K Y Mae OyTH MOJAHMI Y
Burisii Y = X2 -eQ, (X).

VY 3araJlbHOMY BUITIQJKY, KOJI

f (x) =e™ [P, (x)cos Bx+Q, (x)sin Bx],
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YaCTUHHUH PO3B’sA30K Y JIHIHHOTO HEOJHOPITHOTO PIBHSHHS HIYKAIOTh Y BUTJISIL
Y =x°-e” [T (x)cos Bx+ R, (x)sin Sx], (14.18)
ne
0, akuwo at Bi#k ,,
k=max(n;m); s=11 axwo atpfi=k #k,, (14.19)
2, axwo at Pi=k =k,.
Hpuxaan. Po3s’s3atu piBHsHES Y’ — 4y’ +3y =56

Posp’ss3anns. [lane piBusHHsS € JIHAP npyroro mnopsiaky 31 cTaiuMmu
Koe(illieHTaMH 1 CHEIIaTbHOI0 MPaBO YacThHOIO. Moro 3arambHUN PO3B’S3OK

nrykaemo y Burisigi y =Y +Y.

1) CnoyaTky BU3HAYUMO 3arajibHHUI PO3B’S30K Y BIATIOBITHOTO OXHOPITHOTO
piBasHH Y —4y' +3y=0. Jlna wporo 3actocyemo teopemy Y =CY, +C,Y,, ne
Vi(X) i Y,(X)nBa nimiiino He3anexHux po3s’sa3ku. CKIAgacMO XapakTEPHUCTHUHE
piBrstHEs K° —4K +3=0, sike Mae xopeni K, =1, k, =3.

Orxe, ¥ =Ce* +c,e™.

2) Ockinbky mpaBa yacTHHA piBHAHHSA T(X)=56"" € (yHKuicl0 BUIISIY
f(x)=P (x)e”, TO YaCTUHHUM PO3B’A30K Y  IIyKaTUMEMO Y  BUIJISI
Y =x’P, (x)e”, ne =2, =0, k=n=0, s=0, ockimku a=xfi#K ,. Takum

quHOM, Y = Ae™, e A=P, (X).
Tl Bu3HaueHHs ctanoi A 3Haiimemo Y' 1Y":
Y'=2Ae** Y"=4Ae”,
[TincraBumo Bupazu Y, Y', Y” 10 maHOTO PIBHAHHS 1 OTPHMAEMO
4PAe** —4-2 Ae®* +3Ae™ =5
—Ae* =5, o610 A=-5.
OTxe, YaCTHHHUIT pO3B’ 130K Mae Burisn Y = —567%
OcTaTo4HO 3aMUIlEMO 3arajibHUNA PO3B’ SI30K BUXITHOTO
piBHSHHS: Y = C€* +C,e>* —5e*
IuTanus A camonepeBipKH
1 IIlo Ha3uBarOTh PO3B’SBKOM JHHIMHOTO HEOJHOPIAHOrO AuepeHIIaTbHOTO
PIBHSIHHS IPYTOTO MOPSAKY?
2 Sk mae Burnsg yactunaui po3B’ 30k JIHIP 11 mopsinky?
3 CdopmymoBatd TeOpeMy MPO CTPYKTYPY 3arajlbHOTO PO3B’SA3KY JIHIAHOTO
HEOJHOPITHOTO TU(EpEeHIIaTbHOTO PIBHAHHS JPYTOro MOPSIKY.
4 Sxuil  BUTIAQ Ma€ YaCTUHHMM PO3B’SA30K JIHIMHOTO HEOJHOPIAHOIO
U epeHIIATLHOTO PIBHAHHS JPYTOro MOPSIKY 31 CIeIlialib HOO MTPaBOI0 YaCTUHOIO Y

sunazkax: 1) f(x)=e® (P, (x)cossx + Qy, (X)sin AX);
2) T(x)=P,(x)e™;
3) f(x)=Acospx+ Bsin px?
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JIEKIIIS 15

15.1 Yucnosi psaan. 300KHICT PSIIB

15.2 Heo6xinHa ymoBa 30DKHOCTI psiny. Bi1acTUBOCTI YHCIIOBUX PAIIB

15.3 Psinu 3 nogatHuMu wieHamu. O3HaKU NOPIBHSIHHS

15.4 O3Haka /lamambepa 301KHOCTI YUCIIOBHX PSIIIB 13 10 JaTHUMH YJICHAMH

15.5 PagukanmbHa o3Haka Komm 30DKHOCTI YHCIIOBHX PSAAIB 13 J10JIaTHUMH
YJICHAMH

15.6 InterpampHa o3Haka Kormm 30DKHOCTI YHCIOBHX PSIIB i3 J0JaTHUMHU
YJICHAMH

15.1 Yucaosi psaan. 30ikHicTH psaaiB

UncIoBUM pSJIOM € HECKIHICHA CyMa BUTIIIAY
e}
Uy +Up 4.4+ Uy +...= D U, (15.1)
=1

A€ yucna Uq,Us,...,U,,...— YICHHU Py, OTpUMaH1 3a BU3HAYECHUM 3aKOHOM.

3araJbHUM YJICHOM € YIEH psAAYy, BUPaKEHUH y BUIISAl (QyHKII #oro
3MIHHOTO HOMepa U, = f(n).

Psn (30.1) € 3aganum TOJI, KOJU BITOMHM MOTO 3arajlbHUN WICH: B IIbOMY
BUIAJIKY, HaJlatouu N 3Ha4eHHs 1, 2, 3,...., OoTpuMaeMo OyJib — SIKU YJIeH 1IbOTO PATY.

Yucnosuit psag (30.1) 36iraerbes, gKmo cymMa N OepIMX HOTO YJEHIB
(4acTKOBa cyma psTy)

S, =U; +Uy +...+U,, (15.2)

pyu N — 00 Mae CKIHYCHY TPAHUITIO

lim S, =S, (15.3)
Nn—o0
gka 1 € cymoro psamy. SAxmo lim S, He icHye abo IOpiBHIOE 00, TO s
n—oo

po30iraerbes.
CdopMymoeMo OCHOBHI BIACTUBOCTI YUCIOBHUX PSIIB.
1. 30bKHMI YUCIOBHUM PsJT MOXKHA TIOYJICHHO MHOMKHTH Ha CTAJIMH MHOKHUK Y
pe3yJbTaTi YTBOPIOETHCS TaKOXK 30TLKHUMN Psij.
[Hakme kaxydu, SKmo Uy +U, +...+U, +...=S 1 k= const, To
Ky +Ku, +...+Ku, +...=kS. (15.4)

2. 30DKHI YMCJIOBI PSAAM MOXXHA TMOUYJIEHHO J0JaBaTh, B pe3yJbTarl
YTBOPIOKOTHCS TAKOXK 301KH1 PSIJIH.
Akmo Uy +Up +...+U, +...=S;, Vj +Vo +...4+V, +...=S,, TO
(U +v)+ (U, £V,) +...+ (U, +V, ) +..=S +S,. (15.5)
3. ¥V 30bKHOMY YHCIOBOMY PSifil MOKHA IOBUTBHO TPYIYyBAaTH YJICHH.
Ao Uy +U, +...+U, +...=S, TO
(Uy +uy) +uz + (Uy + Us +ug) + (U7 +Ug) +..U, +...=S. (15.6)
4. 'V 30DKHOMY YHMCJIOBOMY Psiii 3 HEB1 €MHUMHU UJICHAMU MO>KHA JOBUIbHO
NEPECTABIISITU YIEHH, IPU LBOMY CyMa PsiIy HE 3MIHIOETHCSI.
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Akmo u; +U, +...+U, +...=S, TO
Us + Ug+u; + U, + Uy + Uz +... U, +...=S (15.7)
5. 30DKHICT, a00 PO3ODKHICTP YMCIOBOTO PSAY HE MOPYIIYETHCS, SKIIO
npunucaTy ad0 BIAKMHYTH HA TIOYATKY PAAY CKIHUEHE YHCJIO YJICHIB.

Ipukaan. 3HaliTH 3aranbHi YWIEHU HACTYITHUX PSAIB:
a)l+3+5+9+27+ ... ;

1 2 3 4
0) —+—+—+—+...;

2 4 8 16

1 1 1

B) + + +...

1-4 4.7 7-10
Po3p’si3anns. 3aranbHuid uneH psay 1 +3 + 5+ 9+ 27 + ..., oueBuaHO, 10

U, = 3" Tak, Hagatoun 3HaueHHs N =1;N=2,N=3; ..., OTPUMAEMO HECKIHYCHY

MOCTIAOBHICT uncen U, =1; U, = 3; U3 =9, ... Jlomaroun 4jIeHH I1I€] ITOCTIAOBHOCTI,
oTpumMaeMo psix 1 +3 + 9+ 27 +.. + 3" +...

Jlnst psin l+—+—+i+ TaKO’K OYEBHUIHO, IO U L OckinbKH TIpH
Y2748 e ’ "0

n=1n=2;n=23; ... oTpuUMaEMO ul—l;u2:i g;u3 3

3
== = —...., TO JIOJlal04uH
2 22 4

. ) ) 1 2 3 n
YJICHU 1I1€1 ITOCI1IIOBHOCTL, OTpI/Il\/IaGMO p}II[ E + Z + g +...+ —n =+....
2

1
i psany + ... SHAMEHHMK KO>KHOTO JIpo0Yy MO’KHA 3alucaTH

+ +
1-4 4.7 7-10
y BUAl A0OyTKy umcen X 1 Y, ne X=kn+b;, y=k,n+b,. Hanatouu n
3HaveHHs | 12, oTpuMaemo ABi cuctemu 3 HeBimomumu Ky by 1 Ky, by:

1:k11+b1 4:k21+b2
4=k -2+by T=ky 2+by
Po3B 's3kamu cucteM Oymyth 3HaueHHs k; =3, by =-2, k, = 3, b, = 1, Tomy
1 1 1 1 1 :
U, =—= , a ps - + + ... MOKHA TTOJIaTH y BHUTIBIII
"Txy @-2@En+) P 14477 70 B
1 1 1
...t +...
1-4 4.7 (Bn-1)(3n+1)

1 1 1 1
+ + +...+
1.2 2.3 3.-4 n(n+1)
nepimx N 4ieHiB, T0BECTH 30DKHICTh Py, KOPUCTYIOUHUCH O3HAYEHHAM 30 DKHOCTL

1 1 1
Po3B’s13anns. 3ayBaxxuMo, 110 Apio = ———— 1 KOXHHUH YJIeH ps
VB HHo AP nn+l) n n+l1 Py

MO>KHA TI0JTaTH Y BUTJISAIL ITI€T PI3HUIIL, TOMY YacTKOBa CyMa PsiAy MaTUME BUTJIS;

1 1 1 ( 1) (1 1) (1 1) (1 1 j
S, = + +... = 1-=(+|=—=|+|=—=|+.c#| =——— |
1.2 2-3 n(n+1) 2 2 3 3 4 n n+l
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) ) 1 .
ITicna mpuBeneHHA MOJIOHMX OTPUMAEMO BHpa3 S, :1——1. 3HanIeMo
n+

rpanumo lim S, = lim (1—ij =1.

n—o0 n—o0 n+1

Omxe, nanuit psn 30iraeTbesi, HOro cyma JgopiBHIoe S = 1.
15.2 HeoOxigna ymoBa 30ixHOCTI psiny. BaacTuBocTi YuC/JI0BUX psIiB
HeoOxinHa o3naka 30LKHOCTI: sikio yucioBui psa (15.1) 30iraerscs, TO

IPaHUL HOTO 3arajlbHOro 4ieHa U, 3a YMOBOIO HEOOMEKEHOIO 3pOCTaHHS 4YHCIIa
YJIEHIB N TPSMYE 10 HYJIS

lim u, =0. (15.8)
n—oo
I3 Toro, mo limu,=0, me He BUIUMBae, 1O psj 30ira€ThCs (OCKUIBKU 1€

Nn—oo
HeoOXiTHa 03HaKa). Psa Moxe 1 po30irarucs.

Hacuainok i3 HeoOXiIHOI O3HAKHM: SIKIIO TPaHUIl 3arajlbHOr0 4YjeHa He
npsIMye 10 HyJIA 32 YMOBOKO HEOOMEKEHOTrO 3pPOCTaHHS YHCJa WICHIB N, TO Psia
po30iraeThcs.

DaKTHYHO ITIEH HACIIIOK € JTOCTaTHROK O3HAKOI PO30DLKHOCTI Oy/Ib — SIKOTO
YHUCJIOBOTO PSIY.

Hpuxaan.  Jocmiaut  30DKHICTH — psimy J2 + \/g +...+ ‘/n_+1 +...,
n
3aCTOCYBABIIM HEOOXIIHY O3HAKY.

’ o n+1
Po3p’sa3anHs. 3anumiemMo 3arajgbHuUM WwieH psaxy U, =.[——. 3acTocyemo
n
HEOOXITHY O3HAKy 30 KHOCTI:

. . n+1 . 1
lim u, = lim .|[——= = lim [1+ = =1.
n—oo n—o n n— o n

Ockinpkm lim u, #0, To 3a HacHAKOM 13 HEOOXITHOT O3HAKM TaHHI PSI]T
n—oo

po30iraeThbes.
15.3 Psau 3 nonaTHUMHU WieHaMu. O3HaKU NOPIiBHSIHHA

PosrissHemMo pocTatHi O3HaKu 30DKHOCTI (PO3ODKHOCTI) psifiB. Y Tmpoleci
TOCTIHKCHAS 30DKHOCTI YHCIIOBHUX PSIIB 3PYYHO BHUKOPUCTOBYBATH O3HAKH
MOPIBHSIHHSA. SIKINO YJICHHU PSITY € TOAaTHHMH:

o0
Uy +Up +...+U, = D U,, (15.9)
n=1
TO X MOTPIOHO MOPIBHATH 3 IHIIMM PSIOM, YICHH SKOTO TaKOX € JOJaTHUMMU:

Vi +Vy o+, =DV, (15.10)
-1
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30DKHICTH 200 pO30DKHICTH SKOTO BiOMa, 1 AKIIO, MOYMHAOYH 3 IETKOTO HOMepa N,
1) u, <v, ipan (15.10) 36iraeTbest, To i psax (15.9) Takox 30iraeThes;
2) u, >v, ipan (15.10) po3biraerses, 1o psia (15.9) Takox po3OiraeTses;

3) lim 90 = C (sinminma Bix 0 i 00), 10 s (15.9) i (15.10) 36irarothes aGo
n—oo Vy

PO30iraroThCs O THOYACHO.

ITin gac po3B’si3aHHA NPUKIAAIB V,, MIIOUPAIOTH HACTYITHUM YHHOM:

a) AKMO U, € BITHOIICHHSIM JIBOX MHOTOYJICHIB PI3HUX CTEICHIB BITHOCHO N,
TO BUHOCSITh 32 JY>KKH B UHCEIbHUKY 1 3HAMEHHUKY BHIII1 CTEIIEH1 N, CKOPOUYIOTh 1X,
a BUpa3W B AYXKaxX BUIKHIAIOTh, TaK SK BOHU MPHU N —» o0 PIBHI JEIKHM CTAJIHM
BEJIMYMHAM 1 Ha TIOKa3HUK CTETICHsI HE BIUTUBAIOTH;

0) Ko U, MICTUTh TPUTOHOMETpHUYHI 200 JoraprudmidHi GyHKITI, TO CHMBOJI
i€l GyHKITi BITKUIAIOTH 1 a1l YMHSITH TaK CaMmo, SIK 1 B MyHKTI a).

[Ipu o6uucIeHH] IpaHULll MOKHA KOPUCTYBaTUCs npaBuiiom Jlomiras:

akmo lim f(n)= lim ¢(n) =0, 10 liIM @: lim ()
n—o n—o n—c0 ¢(n) n—o (0'([‘1)

3a YMOBH, IO OCTaHHSA

ICHYE.

3a BUKOpPHUCTaHHS O3HaK IOPIBHAHHS JOBOJUTHCS 3BEPTATUCS 1O OJHOTO 3
€TaJIOHHUX PSIIB.

1 T'eomeTpuuHMit psijg

$q" (15.11)
=1

36iraeTbest ipu g <1 ipos6iraeTsest mpu || >1.
2 V3araJlbHeHH TapMOHIYHHAM PsiJT
1
> — (15.12)
p
n=1N
30iraeThesi mpu P>1 1 posdiraerbest mpu P <1.
PosrisiHeMo nmpakTHYHE 3aCTOCYBaHHS OCHOBHUX MOHATH 1 03HAUYCHDh YHCIIOBHX

pAIIB, a TaKOXX HEOOXIAHOT O3HAKM 30DKHOCTI ¥ JOCTAaTHIX O3HAK TMOPIBHSHHS
YUCJIOBUX PSIIB ITIT 9ac po3B’ s3aHHS 3a/1a4.

Hpuxaan. Jlocainutu 30 KHICT Py % + 1 +— 4.+ +...

5 10 n? +1

0
Po3p’sizanHsa. Maemo U, = n2—+l JInst MOpiBHSHHS 0OHMPaEMO Psif Zln—z B3
n=

1 : L :
3arajibHUM 4IeHOM V, =—- . Ha ocHoBI (30.12) BiH 30iraeThcs, OCKUIbKU P =2 >1..
n

1 :
< > TOOTO Uy < V,. 3a MepIor 03HAKOIO MOPIBHSIHHS
n“+1 n
JaHuM psij] 301ra€ThCs.

[lopiBHAEMO
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. L. T T . T
Hpuxaan. Jocainuty 30DKHICTE Py Sin > +SIN—+...+SIn—+...

2
Pozp’s3anns. [lopiBHsIEMO naHuil psij 3 pSaOM

T oz n (1 1 1 J w(l)"
=ttt —F.=a ot — =T =
2n 2” n=1 2

y y 1 y
Hauuit psg tuny (30.11) moMHOXeHuit Ha T, ne  ( :§<1 . Takuit psan
301raeThCsl. 3aCTOCOBYIOUU TPETIO O3HAKY MOPIBHIHHS JIJIsl TOJATHUX PSJIIB
.
sin
n

. u i
lim =2 = lim 2 =1+0,
n—>ooVn n—oo T

2"

POOMMO BHUCHOBOK, 1110 OOMBA PSIIU 301raf0THCS OHOYACHO.

15.4 Oznaka J[lanamOepa 30DKHOCTI YMCIOBHX PAdiB i3 J0JaTHUMH
YJIeHAMH
O3naka Jlasmambepa: sSKIIo B psiji 3 10JaTHUMU YJICHAMHU

e}
U +Uy +...4+U, +...= DU,
=1

BimHOIIEeHHsS (N+1) — ro 4jeHa psiay A0 N — ro Ipu HEOOMEKEHOMY YHCII YWICHIB Ma€e
CKIHYEHY TPAHUIIIO
lim Y+t (15.13)
n—o U,
TO:
a) ipu | <1 psig 30iraeTbes;
0) npu | >1 psig po30iraeThes.
3ayBaskenHs. [Ipy |=1 nuranHs mnpo 30DKHICTH PANY 3IUIIAETHCS
HEPO3B’s3aHUM (TMOTPIOHO 3aCTOCOBYBATH IHIILY O3HAKY 301KHOCTI).
[Ilo6 mporo He Tpamwiocs, o3HaKy JlamamOepa 3acTOCOBYIOTH JIHINE B
HACTYITHHUX BUIAKAX:
1) KoM 3arajibHUW YJIEH POy MICTUTh JBa MHOXHHUKH, OJIWH 13 SKUX —
T€OMETPUYHUH PsIfl, & APYTHM — y3arallbHEHUH TapMOHIYHUM PSJI;
2) 3aranbHUM YJIeH Py MICTUTh (PaKTOpialibHY (PYHKILIO.
Bigomo, mo
ni=1.2-3...-n,
(2mi=2-4-6...-(2n),
2n+)N=1-3-4...-(2n +1),
or=1,
1r=1.
Posrmsaemo 3actocyBaHHs o3Haku JlamamOepa B Tiporieci JIOCTIKEHHS
30DKHOCTI PSIB.
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Hpuxaan. JloBectu 300KHICT PSJT 1 +=+..+ 1 +
pHicTaL P 2 e ane

Posp’si3anns. lle psana, mo Mae jgoaaTtHi yjeHd. 3arajibHUl WieH psiay

U, =——— MICTUTh (aKkTopiay, TOMY 30DKHICTH JOCTIAMMO 32 O3HAKOIO
(2n+1)!
Janam6Gepa.
3aMIHUBIIHM Y U, BETUYUHY N HA N+1, 3HaligemMo
U . = 1 1
"2+ +1) @n+3)r
OTxe,

. Upg . (2n+Dr (2n+1)! : 1
lim /== lim ——=lim = lim =0
noo U, nox(2n+3)! nox(2n+1)(2n+2)(2n+3) n->=(2n+2)(2n+3)

OTXKe, psI 30IracThCA.

) .D. I
Hpuxaan. Jocainuty Ha 30DKHICT psia 1+ 12—22 + 1 53 3 +...+ in +..
n

) . . n!
Po3p’sizanns. Lle psan, o Mae 10AaTHI YiIEHU, MOTO 3araJlbHUM 4ieH U, = —
n
MICTUTh (hakTopiajl, TOMy AOCITIAMMO psii Ha 30DKHICTH 3a o3Hakor JlamamOepa.
Jnai _ (n+D)! .
HalAeMO Up g =—— "=, TOJl
(n+1)

In" n n
oo Uy noo(n+41)™nl nse)(n+1)" nooln+l _ 1\" e

lim |1+~
n—o0 n

(3HaMeHHHMK JpoOy sABiIsS€ COOOK JPYry CTaHAApPTHY TPaHMIO, sIKa JOPIBHIOE

, 1)" . .
lim (1+ —j =e). OTxe, 1aHU# psll 30Ira€THCH.
Nn—0 n

15.5 Pagukanbna o3Haka Ko 30ikH0CTi YnCJI0BUX psAliB
i3 J0JaTHUMH YJIeHAMHU

PanukanbHa o3naka Koui: sikiio B psijii, 1110 Ma€ J01aTHI YJICHU TPaHUIIA
n _
Jﬂ;ﬁﬂ‘h (15.14)

TO:

a) npu | <1 psipg 36iraeTbes;

0) npu | >1 psig po30iraeThesi.

ZayBaxkenHss. I[Ipu |=1 nmnuranHs mnpo 30DKHICTE pAAy 3aldIIAETHCS
HEpO3B’ s3aHuM (TTOTPIOHO 3aCTOCOBYBATH IHIITY O3HAKY 30DKHOCTI).

JlaHy 03HaKy 3aCTOCOBYIOTh TOJI1, KOJIU U, SIBJIT€E N — i CTEMIHb OYJb — SIKOTO
BUpAa3y.
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PosrnsiHemo 3acTocyBaHHS paauKaibHOI 03Haku Kot B mporieci JOCTKEHHS
30DKHOCTI YUCTIOBUX PSITIB.

. . . - - 2 1 - n 1
IMpuxaaa. Jocninuty Ha 30DKHICTE psAx arcsinl+arcsin®=+...+arcsin” = +...
n
Po3p’sizanns. lle psa, mo Mae AoaTHI WICHW, 3arajlbHUM YieH psiay

1 .

up :( arcsmﬁ )n. 3acTOCOBYIOUM paguKaibHy 03HaKy Ko, oTpuMaemo

1)"
arcsin—
n

15.6 InTerpasbHa o3Haka Ko 30iskHoCTi ynci1oBuUX psiiiB
i3 10JaTHUMU YJIeHAMU

= lim ar«:sin1 =0<1,

lim Yu, = lim 7
n—oo n

n—oo n—oo

OTXeE, Psijl 30IraeThCsl.

o0
Interpanbha o3naka Komri: psg )Y U, 3 IOJaTHUMH CTaJHUMH YJICHAMHU
n=1
301raeThCsi a00 PO30IracThCs 3aJEKHO B 30DKHOCTI a00 PO30ODKHOCTI HEBJIACHOTO
IHTEerpaa

Off (n)dn, (15.15)

ne f(n) - HenepepBHa criagHa QYHKILSA, YaCTUHHI 3HAYCHHS SIKOi JOPIBHIOIOThH YJICHAM
pany f(n) =u, (n=123,..), a— Oyap — sKke 1omaTHE YUCJIO 3 00JACTI BU3BHAYCHHS
dbynxkii f(n).

3ayBakeHHs1. O3HaKa 3aIMIIAECTHCS CTPABEIJIMBOIO M JIJIS PSIIB 13 4YJICHAMH,
CTIaJIaHHSI IKUX BUKOHYETHCS JIUIIIE TIOYMHAIOYH 3 Iesskoro Homepa N = N.

Po3rnsiHemMoO mNpuUKIAAM JOCHUIKEHHS 30DKHOCTI pPANIB 32 JAOTOMOIORO
IHTEerpaabHOI 03Haku Kol

+ 2 + 3 +ot

1412 1+2% 1432 14n?
Po3p’sizanns. Jlaamii psg mae gomaTHI cmamHi wieHd.  PosrisHemo

+...

Hpukaan. JlocaiguTu Ha 30DKHICT P

HerepepBHy He3pocTatouy QyHkiiro  f(n) = . n 5+ KA JIa€ [IOJIaHHsI YJICHA 1aHOTO
+Nn
pagy mpuhn =123,...
Hesnacuuii mHTErpan
00 0 b b
Tean=]-"0 _jim 172090 _L i 4 n2)” =2 fim (n@+62) - 1n2) = o0
1 114+ n° b->x2i1+n b—o0 1 2b->w

pO30iraeTbCsi, psili TAKOXK PO30IraeThCsl.
IMuTaHHA 1715 caMonepe BipKu

1 JTaiiTe 03HaUYEHHS YUCJIOBOTO Psily, MOTO 3arajibHOrO 4JIeHa, YaCTUHHOI CyMU
301DKHOTO 1 pO30DLKHOTO PsiIIB.

112



2 JlocmimxeHHsT 30DKHOCTI psAAy, CKJIAACHOTO 3 YJCHIB TeOMETPUYHOT
mporpecii.

3 Copmymroiite 1 TOBEAITH OCHOBHI BIACTUBOCTI YMCJIOBUX PSIIIB.

4 Cdopmymoiite i1 10oBeAITh HEOOXITHY O3HAKy 30DKHOCTI psiay W Haciigok
i€l O3HAKH.

5 Cdhopwmyioiite i JOBEAITh O3HAKU MOPIBHSAHHS PSIIIB 3 TOJaTHUMHU YICHAMHU.

6 Cdopmymoiite i noseditb o3Haky JlamambGepa 1 Kommn (pagukainbhy M
IHTErpajibHy) 30KHOCTI PS/IIB, HABEIITh IPUKJIAIM 3aCTOCYBAHHS IUX O3HAK.

7 JlocmimxeHHs 30DKHOCTI y3aralbHEHOTO TapMOHITHOTO PSAY 3a JOTIOMOTOI0
IHTEerpaabHOi 03Haku Kol

JIEKIIA 16

16.1 3nako3MminHI psau. JlocTaTtHs o3HaKa 30DKHOCTI 3HAKO3MIHHOTO PSY.
AOcomoTHa 1 yMOBHa 30 bKHOCTL. 3HaKomodepeskHi psaau. O3Haka JleiOHima

16.2 CreneneBi psau. Teopema Abens. Pamiyc 30bkHOCTI. OOMacTh 30KHOCTI
CTETIEHEBOTO Py

16.3 ®opmyna 1 psa Teinopa i Maxiopena. PO3BHUHEHHST OCHOBHHMX
ermeMeHTapHUX QyHKIM y psag MakimopeHa

32.1 3nako3MiHHi psau. JlocTaTHA 03HaKa 301KHOCTi 3HAKO3MIHHOTO PALY.
A0Oco/i0THA | yMOBHA 30ixkHOCTi. O3HaKka JleiiOHina

Psin Ha3uBaeThCS 3HAKO3MIHHUM, SIKIIIO B HBOMY € SIK JIOJaTHI, TaK 1 B11 €MHI
YJICHH.

JlocTaTHS 03HAKA 30iKHOCTI 3HAKO3MIHHOTO PSANY: SKIIO Psifl, CKIAACHUN 13
aOCOJTFOTHUX BEJIMYMH WICHIB JaHOTO 3HAKO3MIHHOTO PSAY, 301raeThCs, TO 301racThCs
W naHui 3HAKO3MIHHUM PSi/I.

3HAKO3MIHHUM Psii HA3UBaIOTh a0COJIIOTHO 30DKHUM, SAKIO 301ra€TbCs  ps,
CKJIAJICHUH 13 a0OCOIFOTHUX BEIUYHUH HOTO YJIEHIB.

3HAKO3MIHHUMA PSJ HA3WBAIOTh YMOBHO 30DKHHM, SIKIIO PO30IracThCs P,
CKJIQJEHUH 13 a0COJIFOTHUX BEJIMYUH HOTO YJIEHIB.

Psin Ha3MBaroTh 3HAKOTIOUEPEIKHUM, SIKITIO 3HAKK HOT'0 YJICHIB YEPETYIOThCSI.

Uy —Uy + Uz — Uy +..(-2)" M, +... (16.1)
ae Up,U,,...,U,, - JOAaTHL

3HAKOTIOYEPEKHUM PsJT € JACTKOBUM BUTIQIKOM 3HAKO3MIHHOTO PSITY.

O3naka JleiiOHina: SKIIo B 3HAKOMIOYEPEIKHOMY DAL

1) 4yieHu psimy cragaroTh 32 a0COIOTHOIO BEIMYHMHOIO, TOOTO

U >Uy >...>U, >
2) rpanuis aOCOJIOTHOI BEIMYMHU 3arajlbHOTO 4JieHa psiAy Mpu N —> o0

nopiBrIOE Hymo, To6T0 lim U, =0, To 3HakomoYepexHMI psiy 36ira€Tbes, HOTO
N—o0

cyMa JIoJlaTHa ¥ MeHIna 3a repimii uieH psaay (0<S <uy).
3ayBaxkeHHss. O3naka JleiiOHila crpaBeanmBa W TOML, KOJW YJIGHU PSIY
CIa/1al0Th, IOYMHAIOYH 3 Jiesikoro Homepa N> N .
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PosrimsHemMo mpukimamy JOCHUKEHHS 30DKHOCTI 3HAKO3MIHHUX PSIIB 32

JIOTIOMOTOO JOCTATHROI O3HAKHM 30KHOCTI M 03Haku JleitOHia.
) . 3 3 n+1
Hpuxaan. Jocainuty psia Ha 30DKHICTh 2 — E + Z — .+ (— 1)n+1 —+
n
Po3B ' sizanns. [lanuii psjg € 3HaKonodepekHIM. O0UHUCTIIMO

. . h+1
limu, = lim —=1=0.
n—oo n—-ow N

i 1poro psiAy HE BUKOHYEThCSA Jpyra ymoBa o3Haku JlelOHia, Tomy psif
po30iraerbesl.

o0
. o n+1 1
Mpuknan. Jocminuma pax Ha 36ixaicts Y (—1)" ————.
n-1 (2n-1)!
Po3p’si3anHs. OCKUTbKM 33JjaHUM PAI € 3HAKOMIOYEPEKHUM, TO TEPEBIPIEMO
BUKOHAHHS YMOB 03Haku JleiiOHina:
1 1

1 1>1>—>...>—>...
3 5 (2n -1)!

. . 1
2 limu,=Ilm-——=0
n—o0 n—w(2n—1)!
YMOBM BUKOHaHI, a II¢ O3Hauae, Mo psja 30iraeTbes. CrimagaemMo psa 3

: 1 1 1
a0COJIFOTHUX BEIMYUH YJICHIB JaHOTO psiay: 1+ —+ —+...+ ———+...
3 5 (2n-1)!

3a o3Hakoto [lanambepa maemo
i (2n-1)!
lim =
n—wo (2n-1)12n(2n +1)
Hanuii psapg 36iraerbes. OTxke, BiH 30IraeThest aOCOJIIOTHO.

16.2 CreneneBi psaau. Teopema Abensi. Pagiyc 30iskHoCTIL
OobnacTh 301KHOCTI CTeNIEHEBOIO PSAXY

CrerneHeBUi sl — 1€ PSI BUTTSILY
8y + X+ 23X ot a X" .= Ya x" (16.2)
a00 3arajibHOTO BUTJISITY "~
ag+a(x—a)+a,(x—a)’ +..+a,(x—a)" +...= ian(x—a)”, (16.3)
|

ae a, (n=0,1, 2,...)— koedilieHTH YICHIB psIy (CTATI YHCIIA).

[Tig HTEepBaIOM 30DKHOCTI CTENEHEBOTO PAAY PO3YMIFOTH IHTEPBAI YHUCIIOBOI
OCl, CUMETpUIHUI BiqHOCHO Toukd x = 0 (st psagy (16.2)) abo x = a (s psagy
(16.3)), sixuit Moke OyTH 3aKPUTHM, BITKPUTAM 20O HAIIBBIIKPUTHM; 30KpeMa, IeH
IHTEpBaJI MO>KE BUPOIXKYBATUCS B TOUKY a00 OXOIUTIOBATH BCIO Bich OX.

[aTepBa 30DKHOCTI CTENEHEBOTO psmy — Iie Takui iHTepBal Bim —R mo +R
(mnst psny (16.2)) abo Bim a — R no a + R (mns psany (16.3)), mo mis Oyab-sKoi
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TOYKH X, 5IKa JISKUTh B CEPEIUHI IIbOTO IHTEPBAITY, P 30IracThcsi aOCOOTHO, a JIJIs
BCIX X, SIK1 JI&KaTh 1103a HUM, PSIJT PO30IracThCS.

Yucno R — paniyc 30DKHOCTI cTeneHeBoro psay. Ha kiHISX HTepBaidy npu
X=-R 1 X =R nuraHHs npo 30DKHICT, a00 PO3ODKHICTH JAHOTO PSTy BUPIIIYETHCS
IHIUBIAYaIbHO JJIS KOKHOTO PSY.

BuaacmuBocTi cTeneHeBUX psiiiB

1 Cyma cTeneHeBoro psfy € HemepepBHa (QYHKIISA B YCIX BHYTPIIMIHIX TOYKAX
iHTepBay 30bKxHOCTI (- R; R), mpuyomy, siKio cteneHeBuil psij 30iraeThbCsi Ha KIHLIAX
IHTEpBaTy, TO HEMEPEPBHICTH 30€piracThCs 1 NMPH MUX 3HAYCHHSX.

2 CreneHeBuid psax B HWOro IHTEepBall 30DKHOCTI MOKHA TMOYJICHHO
au(epeHItoBaTH, TPUIOMY pajilyc 30DKHOCTI YTBOPEHOTO PSITy HE 3MIHIOEThCS.

3 CreneneBuil psill y HOro HTEpBail 30 DKHOCTI MOKHA MTOYJIEHHO IHTErpyBaTH,
MPUYOMY pajiyc 30DKHOCTI OTPUMAHOTO PSITY HE 3MIHIOETHCS.

Jlns  Bu3HAUEHHS XapakTepy 00JlacTi 30DKHOCTI  CTENEHEBOTO Sy
3aCTOCOBYIOTH TeopeMy Adesist:

1 Sxumo creneneBuil psa 30IraeTbCs MpU ASIKOMY 3HAYEHHI X = X, TO BIH
aGCOIIFOTHO 30iraeThest pH Gy/Ib-SKOMY 3HAYeHHI X, JUis SIKOTo |X| < |Xo|.

2 SIxmo pan po30iraeTbest IpH ASSIKOMY 3HAUEHHI X = X;, TO BIH PO30IraeThCs
pu OYIb-SIKOMY X, JJIS SIKOTO ‘X‘ > \xl\ :

Teopema AGenst M03BOJIIE CYAUTH TMPO PO3TAITyBAaHHS TOYOK 30DKHOCTI i
PO30DKHOCTI CTETIEHEBOTO PATY.

BuszHauenHss 001acTi 30DKHOCTI CTEMEHEBUX PSAJMIB, Yy SKUX CTEMNEeHI X
pO3TAIlIOBaHI CTPOTO TMOCHIIOBHO, OCHOBAaHE Ha 3aCTOCyBaHHI o3Haku JlamamOepa
(260 HUMX 03HAK) i 3BOAUTHCS 10 BUKOpHCTaHHs Gopmyi: |X| < R — st pamy (16.2)

a6o [x—a <R — mma pamy (32.3), B sKmMx pamiyc 3GDKHOCTI 3HAXOAMTHCA 32

dhopMynamMu
R = fim |-2n (16.4)
N—ol8n,1
abo
R—_ L (16.5)
lim 0/a, '
N—00

PosrnsiHemo mpuKIagu TNPaKTUYHOTO 3aCTOCYBAaHHS OCHOBHMX TIOHATH 1
MOJIOKEHb TEOPil CTENMEHEBUX PsAIB JUIsl BU3HAUEHHS iX IHTEpBaliB 1 oOjacTei
30DKHOCTI

Ipuxaaa. 3HaliTH 0671aCTh 30 DKHOCTI CTEMIEHEBOTO PAY
x> X3 X"

X+t—=4—=+.t—+...
J2 3 Jn

Po3p’sizanns. [lanuii psg € MTOBHUM CTEIICHEBUM PSIIOM, OCKUTBKH CTETICH1 X
pO3TaIIOBaHl CTPOro MOCHIOBHO. OO0YUCIMMO pajiiyc 30DKHOCTI JTaHOTO PSIy 3a
dopmymoro (32.5):
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1 1 . | a .
a, =—=;8,4 =———; R=Ilim—- = lim n 1=l,
\/ﬁ ~Jn+1 n—o A, 1 n—o0 \/ﬁ

omxe, it Beix [X| <1 psix 36iraeTbest, 10610 st X € (—L1).
Jlocmiaumo 30DKHICTh B TpaHUIHUX Todkax. IIpu x=-1 oTpumaemo dwcIoBHiA
3HAKOTIOYEPEKHUN PAT

—+...

1 1 n
1t ===+ (=1
J2 3 Jn
i 1
lim [u,| = lim —==0.
N—o0 n—o /N
O1xe, 3a 03HaKoto JIeHOHiIIa psiji 30iraeThesl.
IIpu x = 1 oTpuMaEmMo 3HAKOAOIATHUN PSJT

1+i+i+ +—
J2 V3 n

. . 1 . :
JlaHuit psix € y3araJlbHEHUM TapMOHIYHUM IIpU P = > <1. Bin po36iraetscs.

+...

O1xe, iHTEpBAT 301KHOCTI OY/1€ TAKKUM: [— 1;1).

16.3 ®opmyaa i psaa Teitsiopa it Maxiiopena.
Po3BUHEHHSI OCHOBHHUX eJiIeMeHTAPHUX (PyHKUIi y pax MakiopeHna
[Tam’ sitaemo, sikmo dynkiis f(X) Mae B Toumi x = a Ta B 11 OKOJII MOXITHI 10
(n+1) nopsiaky BKIIIOYHO, TO CTIpaBeMBoIO € (popmyJia Teiinopa

(x—a)"
—

f(x)=f@)+(x—a)f'(a)+ % f"@@)+.. fM(@)+R,(x), (16.6)

ne 3anmuikoBHii uieH R,(X) oOuucmoeTbes 3a gopmydioro Jlarpanaka:
+1

R (x):%f(”+1)[a+6?(x—a)]0<9<1 (16.7)
" (n+1)! ’ ! '
(n)
f l(a), (n=0,1, 2,..) — xoediniearu Teitopa.
n!

Sxmo ¢ynkmis f(X) Mae moximHi BCIX MOPSAKIB B OKOJI TOYKA X = @, TO B
dbopmym Telmopa duciio N MOXKHA OpaTH JOCTaTHHO BENMUKUM. [Ipumyctrmo, 110

lim R,(X)=0. Toxmi mepexomsuu B dopmyn (16.6) 10 rpaHumi mpu N—»0,

N—o0
OTpUMaeMO B TipaBidi yacTuHi piBHOCTI (16.7) HeckiHueHUU psj, SKHA € PsaoM
Teinopa:

’ (X B a)n (n)
f(x)=f(a)+(x—a)f (a)+...+—'f @) +.... (16.8)
n:
Sxmo seobxigua i gocrarus ymoBu lim R, (X) =0 momanns ¢ynkuii f(X) y
N—o0

BHTJISI/II CTETIEHEBOTO psiny (psay Telnopa) He BUKOHYEThCS, TO CTEIICH EBUM Psif HE
ABJIA€ JaHo1 PyHKIIT, X04ua MOKe ¥ 301raTucs (10 HIIo1 PyHKIII ). 3a3HaYUMO TaKOK,
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0 JIJIsT KOKHOI 3 (pYHKIIIM iCHYe Take a 1 Take R, mo B iHTepBani (a—R; a+ R) ii
MOKHA TI0J1aTH B BUTJIA1 psay Teinopa.
Posrissaemo npukianu po3BuHEHHS QYyHKIN y psaa Teitnopa.
Ipuxnan. Pozsunyty dyskmiro f(X)= InX y psin Teiinopa B OKOJIl TOUKH X = 1.
Po3B’si3annsa. O0yucaumo 3HadeHHs QyHKI Ta 11 moximaux mpu x = a = 1

yHKii
f(x) = Inx, f(1) = Ih1=0,
Frx) =2 £/(1) =1
X
f"(x) = —x 2, f7(1) = —
f"(x)=1-2x"3, f"@Q)=1-2=2,
fV(x)=-1.2-3x%, fVW)=-1.2.3=3,

fW) =" n-)x™", £ =(1)" (-1
[lincTaBnsiroun jaHi 3Ha4YeHHS a0 psgy Teinopa s MOBUIbHOI (DYHKIII,
OTPUMAEMO

— 2 | _ 3 _ n-1 —_ 11 _1\n
nx— 0+ (oD 2008 (1 n-D)x-1)
2! 3 n!

_1)2 _1\3 N
DT D e ()

2 3 n

Axumo B psaai Teitnmopa a = 0, To OTpUMaeMoO psill, SIKUN HA3MBAIOTh PAIOM
Maknopena

f(x)= f(0)+xf’ (O)+—2f”(0)+ + X . f(“)(0)+ (16.9)

Jliist po3BuHEHHS naHoi QyHKIIIl B psim MakiiopeHa HeoOXimHO:

1) Hantucatu pan MaknopeHa 11 1aHO1 (YHKIII 3 0OYUCIIEHUMH 3HAUEHHIMU
i€l ¢pyHkiii Ta il noxigauX pu x = 0;

2) mocmiguth 3amuimok R,(X) dopmymu Makmopena mis gaHoi (GyHKIN i
BU3HAYNUTH CYKYIHICTh 3HAYCHb X, 33 SKUX OTPUMAHHMM psia 30ira€Tbcs 10 JTaHOI
¢yukIi (To6T10 3a sikux lim R, (x) =0).

N—o0

Ockutbku 77151 OaraThoX (PYHKINI KOXKHA TOUYKa X 30DKHOCTI psaay MakimopeHa
€ TaKOXX TOYKOIO 30DKHOCTI I[LOTO PSAY JO0 MOPOJKEHOI MOro (QyHkKui, TO MNpU
nojaHHi OaraTboX (YHKIIA Yy BUIVAAL psay MakiopeHa MOXHa 3aMICTb
JOCIIIHKEHHS BIIMOBIAHOTO 3aiMIIKy R, (X), IO 9acTo BaKKO 3pOOWTH, JOCIIIHTH
30DKHICTh camMoro psay MakinopeHa, ik 3BUIaiHOTO CTETIEHEBOTO PSITY.

OcHoBHI efeMeHTapH1 (PyHKIIi MOKHA pO3BUHYTH B psiJi MakiopeHa

2 Xn

X:1+x+%+...+—l+..., (-0 <X < ), (16.10)

3 5 2n-1

i X X N X
snNX=X——+——...+(-1 vry (FO<X <), (16.11
3ty ot (on_g " Cox<e) (161)
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NCIINC . x2-2
cosx=1-"—+ "~ + ()" - +.., (-0 <x< ), (16.12)
2 4 (2n-2)!
@+x)" =1+ mx+%x2 +ot m(m—l)(m—2|)...(m—n+1) X" +..., (-1<x< 1), (16.13)
! n
X 1 3 5 2n+1
arcsinx:'[(l—x2)7dx=x+ 1x 13, Gissenh) x# (-1<x<1), (16.14)
0 2 3 245 2-4-6-.2n 2n+1
_X gy o x X Xy X _1<x<
arctgx_j(1+x) dx = x 3t E .+ (1) o T (-1<x<)), (16.15)

0
2 3

X n
IN(L+x) = [ @+ x) Ldx = x—%+%—...+(—1)”+1x—+..., (-1<x<1). (16.16)
0 n

Po3risiHemMo 3acToCyBaHHs HaBeIeHUX (OPMYJI [Tl PO3B sI3aHHS TPHUKIIAIIB.

Mpuxkaan. Poszsunytn ¢yakiio f(X)=IN(10+x) B okom Touku x = O,
KOPHCTYIOUHCH OPMYJIOIO PO3BUHEHHS B psii Makiiopena dynkmi In(1+X).

Po3p’si3anns. [leperBopumo yskmiro, ckopuctaBumch lg(@b)=Ilga+Igb,

orpumaeMo f(x) =1In 10(1+ lj =In10+1In (1+ lj
10 10
3actocoByrouu Gopmyiy (19.16), 3amiHuMO Xx Ha %:
2 3 n
In10 + In(1+ lj —In10+ > — 1(1j + l(ij +oF (—1)””;(1) +
10 10 2\10 3\10 n\10

n 2 3 n
+(—1)”+1£(1j +o=h1o+| > - % =+ X —— ()T A
n{10 10 2.10° 3-10 n-10"

IInTanus a1 camMonepeBipKH

1 /laiiTe 03HAUYCHHS 3HAKO3MIHHOTO PSTY.

3 JlaiiTe 03HaUYE€HHS 3HAKOTIOUEPEKHOTO PSITY.

4 JlaiiTe 03Ha4YCHHSI a0COJIFOTHO ¥ YMOBHO 30DKHUX 3HAKO3MIHHUX PSITIB.

5 CoopmynroiiTe 3ayBakeHHsI 10 o3HaKu JIeiiOHia mpo 3aMmiHy CyMU psmy
CYMOIO N TEPIINX YJICHIB PSIY.

6 JlaiiTe 03HaYEHHS CTENEHEBOTO PAY ¥ IHTEpBAITY MOTO 30 DKHOCTI.

7 CdhopmyioiiTe OCHOBHI BIaCTUBOCTI 301KHUX CTEIEHEBUX PSIIB.

8 3anumite Gopmyny Teinopa st A0BUIbHOI (YHKLI 3 3aIMIIKOM y (opmi
Jlarpamka 1 mokaxiTh, 3a SKuX yMmoB (popmyina Telnopa nepexoauts B psaa Tewmopa,
a TakoXK B psx Maknopena.

9 Possunyru ¢ymkwmii  SinX, cosx, €, (1+X)", In(1+X) B psg Maknopena,
3HANIITE MPOMDKOK 30 DKHOCTI.
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